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Abstract 

Spectral properties of 1-D Schrodinger operators Hx,a := + 12x„£X '^riS{x — x„) 

with local point interactions on a discrete set X = {xn}'^=i are well studied when := 
inf„^fceN \xn — Xk\ > 0. Our paper is devoted to the case d^: = 0. We consider Hx,a in the 
framework of extension theory of symmetric operators by applying the technique of boundary 
triplets and the corresponding Weyl functions. 

We show that the spectral properties of Hx,a like self-adjointness, discreteness, and lower 
semiboundedness correlate with the corresponding spectral properties of certain classes of 
Jacobi matrices. Based on this connection, we obtain necessary and sufficient conditions for 
the operators Hx,o to be self-adjoint, lower-semibounded, and discrete in the case = 0. 

The operators with (5'-type interactions are investigated too. The obtained results demon- 
strate that in the case d^ = 0, as distinguished from the case > 0, the spectral properties 
of the operators with 5 and (5'-type interactions are substantially different. 
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1 Introduction 

Differential operators with point interactions arise in various physical applications as exactly 
solvable models that describe complicated physical phenomena (numerous results as well as a 
comprehensive list of references may be found in [3], HI [16]). An important class of such operators 
is formed by the differential operators with the coefficients having singular support on a disjoint 
set of points. The most known examples are the operators iix,a,q and iix,i3,q associated with the 
formal differential expressions 



^X,a,q • 



x„ex x„ex 



where 6n := S{x — Xn) and 5 is a Dirac delta- function. These operators describe 6- and 6'- 
interactions, respectively, on a discrete set X = {x„,}„g/ C M, and the coefficients /3„ G M 
are called the strengths of the interaction at the point x = x„. Investigation of these models was 
originated by Kronig and Penney [3l] and Grossmann et. al. [21] (see also [IZ]), respectively. In 
particular, the " Kronig-Penney model" {C-x,a,q with X = Z, = a, and = 0) provides a simple 
model for a nonrelativistic electron moving in a fixed crystal lattice. 

There are several ways to associate the operators with ^x.q,? and ix,f3,q- For example, a 6- 
interaction at a point x = xq may be defined using the form method, that is the operator — ^ + 
ao6{x — Xq) is defined as an operator associated in L^(M) with the quadratic form 



t[/]= / \nmt + ao\f{xo)\\ feW^ 



Another way to introduce a local interaction at xq is to consider a symmetric operator Hmin := 
Hmin © H^-j^, where H";^^ and H^j^^ are the minimal operators generated by —-^ in L^(— oo,Xo) 
and L'^{xo, +00), respectively, and to impose boundary conditions connecting xo+ and Xq—. 

Both these methods have disadvantages if the set X is infinite. The form method works only 
for the case of lower semibounded operators. If we apply the method of boundary conditions, 
then the corresponding minimal operator Hmin has infinite deficiency indices and the description 
of self-adjoint extensions of Hmin is rather complicated problem in this case. 

An alternative approach was proposed recently in [9] (see also [ID] for the case of S-tjpe 
interactions). Namely, the operators with general local interactions on a discrete set X were 
defined as self-adjoint extensions such that the Lagrange brackets [f,g] := f{x)g'{x) — f'{x)g{x) 
are continuous on M for arbitrary elements /, g from the domain. It was shown in [9l HQ] that 
classical Sturm-Liouville theory with all its fundamental objects can be generalized to include 
local point interactions. In particular, the Weyl's alternative has been established in this case. 

Nevertheless, to the best of our knowledge there are only a few results that describe the spectral 
properties of operators with local interactions in the case rf* = 0, where 

:= inf \xi — Xj\ = 0. (1.2) 

Let us present a brief historical overview. Note that we are interested in the case when the 
set X is infinite (the case \X\ < 00 is considered in great detail in [3]). First we need some 
notation. Let X be the semi axis, X = [0, +00), and let X = {xn}'^=i C X be a strictly increasing 
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sequence, Xn+i > Xn, G N, such that Xn — > +00. We denote := Xn — Xq := 0, 

and assume q G Lf^^[0, +00). In L^iT), the minimal symmetric operators Hx,a,q and Hx,/3,g are 
naturally associated with (11. ip . Namely, define the operators H^^^ and H^^^ by the differential 
expression 

d2 

^«-=-^ + ^(^) (1-3) 

on the domains, respectively, 

dom(Hi,„„) = {/ e W^^d \ X) : /'(O) = 0. ;,(,„/)<!";{;„/f:"jj(,„) • " ^ . (1.4) 

dom(H5t,ft,) = |/ e »*^p(X\ X) : /'(O) = 0, /(^ (1-5) 

Let Hx,Q,q and Hjy,/?,^ be the closure of iix,a,q ^x,i3,qy respectively. In general, the operators 
Hx,a,g and Hx,/3,g are symmetric but not automatically self-adjoint, even in the case g = 0. 
Spectral analysis of Hx,«,g and Hx,/3,g consists (at least partially) of the following problems: 

(a) Finding self-adjointness criteria for Hx,a,ij and iix,f3,q and description of self-adjoint extensions 
if the deficiency indices iix,a,q and Hx,/3,g are nontrivial. 

(6) Lower semiboundedness of the operators IIx,^,^ and B.x,i3,q- 

(c) Discreteness of the spectra of the operators iix,a,q and IIx,/3,g. 

(d) Characterization of continuous, absolutely continuous, and singular parts of the spectra of 
the operators Hx,Q,q and Hx,/3,g. 

(e) Resolvent comparability of the operators iix,aW,q tix,a(^'i,q with a^^^ 7^ a^'^\ 

In the present paper, we confine ourselves to the case of bounded potentials q G L°°(X). Let us 
note that the case of unbounded q was studied in [TJ [HI [IHl US] and the case of q being a Wy^~^{I) 
distribution was studied in [221 ESI 1131 Sll (see also the references therein). More precisely, it is 
shown in [9] (see also [IQ]) that n±{B.x,a,q) < 1 and the deficiency indices may be characterized 
in terms of the limit point and the limit circle classification for the endpoint x = +00. Brasche 
[71 Theorem 1] proved that iix,a,q is self-adjoint and lower semibounded if the potential q is lower 
semibounded and the strengths a„, n E N, are nonnegative. Assuming the condition > 0, 
Gesztesy and Kirsch [IB], Christ and Stolz [IS] (see also [H]) established self-adjointness of Hx,«,g 
for several classes of unbounded potentials q. In particular, Gesztesy and Kirsch [TH Theorem 
3.1] proved that Hx,a,g = ^*x,a,q if ^ L°°(X) and > (other proofs are given in [29] and [15]). 
Moreover, Christ and Stolz [l5l pp. 495-496] showed that the condition d^, > cannot be dropped 
there even if g = 0. More precisely, they proved that n-|-(Hx,a,o) = 1 if c^n = ^ and = —2n — 1, 
n G N. Note also that self-adjointness of Hx,a,o with arbitrary X = C X was erroneously 

stated without proof in [36] . 

Finally, we emphasize that in contrast to 5-type interactions the operator Hx./3,o is self-adjoint 
for arbitrary {/3n}$^Li ^ (see [H Theorem 4.7]). Let us also mention the recent papers [5l HI] 
dealing with spectral properties of Hamiltonians with ^'-interactions on compact subsets of M with 
Lebesgue measure zero. 
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In the present paper, we investigate problems (a) — (c) and (e) in the case ci* = and q G (M) 
(we postpone the study of the case of unbounded q as well as the problem id) to our forthcoming 
paper). We consider the operators with point interactions in the framework of extension theory 
of symmetric operators. This approach allows one to treat the operators Hx,a,g and Hx,/3,q as 
self-adjoint (or symmetric) extensions of the minimal operator 

d^ 

Hmin := ©neNHn, H„ = + ^l^^), dom(H„) = W^'^lXn-l.Xn], (1.6) 

being a direct sum of symmetric operators H„ with deficiency indices n-|-(H„) = 2. 

We investigate these operators by applying the technique of boundary triplets and the corre- 
sponding Weyl functions (see Section [2] for precise definitions). This new approach to extension 
theory of symmetric operators has been appeared and elaborated during the last three decades 
(see [20l [T3| [Ti t [8] references therein). The main ingredient is an abstract version of the Green 
formula for the adjoint A* of a symmetric operator A (see formula (12.11) ). A boundary triplet for 
A* always exists whenever n^{A) = n^{A), though it is not unique. Its role in extension theory is 
similar to that of a coordinate system in analytic geometry. It enables one to describe self-adjoint 
extensions in terms of (abstract) boundary conditions in place of the second J. von Neumann 
formula, though this description is simple and adequate only for a suitable choice of a bound- 
ary triplet. Note that construction of a suitable boundary triplet is a rather difficult problem if 
n±{A) = oo. 

This approach was first applied to the spectral analysis of iix^a,q by Kochubei in [30] • More 
precisely, he proved that in the case (i* > (and q G L°°(X)) a boundary triplet 11 for H^jj^ can be 
chosen as a direct sum of triplets n„ defined by (14. 5p . that is 11 := {H, Fq, Fi} := ©^^n„, where 

'■= ©neN'^n? To := ©neMFQ""*, Fi := ©neNF^"^ (1.7) 

Based on this construction, he gave an alternative proof of the self-adjointness of Hx,a,o (see fTEl 
Theorem 3.1]) and investigated the problem (e) as well. 

The main difficulty in extending this approach to the case = (or unbounded q) is the 
construction of a suitable boundary triplet for the operator H^j^ (see [29l [30]). It looks natural 
that the triplet 11 = {H,Tq,Ti} defined by (11. 7p and (14. 5 p forms a boundary triplet for H^j^^ 
in this case too. Indeed, Green's identity holds for f,gE domiji^^^) with compact supports in 
I. However, dom(Fo) fl dom(Fi) is only a proper part of dom(H^jj^) and the boundary mapping 
F := {Fo,Fi} cannot be extended onto dom(H^jj^) if rf* = 0. In this case, erroneous construction 
of a boundary triplet for HJ^j^ was announced in [36] (see Remark 14.20 . Note also that the first 
example the operator (11.60 with q ^ L°° and such that 11 is not a boundary triplet for Hj^j^^ was 
given in [2U] . 

Recently Neidhardt and one of the authors proved that the triplet of the form (I1.7P becomes 
a boundary triplet after appropriate regularization of the mappings Fq and fS"\ n G N see 
[35l Theorem 5.3]). Starting with this result, we investigate the problem in full generality. More 
precisely, we show that in general 11 = {Ti, Fq, Fi} of the form (11.70 is only a boundary relation in 
the sense of [12] and we find a criterion for 11 to form a boundary triplet for HJj^j^. Moreover, we 
present a general regularization procedure that enables us to construct a suitable boundary triplet 
n for Hj^ij^ in the form 11 = ©^^n„. Namely, in this boundary triplet the sets of Hamiltonians 
Hx,a,o and Hx./3,o are parameterized by means of certain classes of Jacobi [tri- diagonal) matrices 
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(the construction from [33] leads to multi- diagonal matrices). In turn, the latter leads to a 
correlation between spectral properties of the Hamiltonians f 1 1.11) and the corresponding Jacobi 
matrices. Note that another technique for analyzing spectral properties of Hx,a,o and Hx,/3,o by 
means of second order difference operators was proposed by Phariseau [12] (see also [3l Chapter 
III.2.1]). 

More precisely, in the case of 5-interactions, we show that the spectral properties of the operator 
Hx,Q,o are closely connected with the corresponding spectral properties of the Jacobi matrix 



B 



/^r'(«i + ir + i) {nr,d,y' ...N^ 

(W2)-' ^2"'(a2 + i + i) (rargrfg)"' 

{r,T,d,)-' ^3'(«3 + i + i) ... 

V ... ■■■ / 



where r„ = ^Jdn + dn+i, n G N. We first show that n-|-(Hx,a,o) = n±(i?x,«) (Theorem 15. 4p and 
hence that n-|-(Hx,a,o) ^ 1 (cf. [IHIIS]). Combining this with the Carleman criterion, we arrive at 
the following result (see Proposition 15.71) : 

the operator iix,a,q with 6 -interactions is self-adjoint for any a = {an}n£N C M provided that 



neN 



dl = 00 and qeL'^iX). 



This result is sharp. Namely, (see Proposition 15. 1 ll) : 

if ^n&i dn < 00 and X = {xn}neN satisfies also some concave assumptions, then there exists 
a = {an} neN such that the operator B.x,a,o is symmetric with n-|-(Hx,a,o) = 1. 

Moreover, we show that the equality n±{B.x^a,o) = 1 yields that the strengths a„ cannot tend 
to 00 very fast (Proposition 15 . 1 31) . This situation is illustrated by Example 15.121 More precisely, 
let Hxq, be the minimal closed symmetric operator associated with the differential expression 
^x,a,o, where X = M+ and X = {xn}nm is defined by dn = Xn — Xn-i '■= ji, n E N. Then 

{i) n-|-(Hx,a,o) = either an < — (4n + 2) + 0{n~^) or an > —Cn~^ with some C > 0, 

[ii] n±(Hx,a,o) = 1 if «n = -a(4ra + 2) + 0{n~^) with a G (0, 1). 

The latter enables us to construct a positive potential g > (see Section [7]) such that the operator 
Hx,a,g with an = — 4n — 2 and dn = Xn — Xn-i = 1/n is symmetric with n±{Yix,a,q) = 1. This 
shows that self-adjointness of ^x,afi is not stable under positive perturbations in the case d^ = Q 
(in the case d^, > 0, it was shown in [TSl Theorem 3.1] that self-adjointness of Hx,a,o is stable 
under perturbations by a wide class of potentials q) . 

Further, in the case 0?* = we solve the problems (b) and (c) in terms of the Jacobi operators 
(11.81) . Namely, we show that the operator B.x,a,o is lower semibounded if and only if the operator 
Bx,a is also lower semibounded. As for discreteness of the spectrum of B.x.a,o, we first note that 
any self-adjoint extension of Hx,a,o has discrete spectrum whenever n-|-(Hx,Q,o) = 1- In the case 
Hx,Q,o = ^*xaQ^ operator Hx,q,o has discrete spectrum if and only if dn ^ and Bx.a is 
discrete (Theorem I5.17p . 

Using recent advances in the spectral theory of unbounded Jacobi operators (see [2U [251 flT])- 
we obtain necessary and sufficient conditions for discreteness and lower semiboundedness of the 
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operator iix,a,o in the case d^, = 0. We show that condition 

^ >C, neN, for some C G M, (1.9) 

is sufficient for semiboundedness. If rf* > 0, then (11.91) reads inf„gNttn > — oo and it is also 
necessary (see [7] and also Corollary 15. 25p . If rf* = 0, then the situation becomes more complicated. 
In Proposition 15.281 we show that the operator Hx,a,o might be non-semibounded even if — 0. 
Further (see Proposition I5.34( ). the operator B.x,a,o = ^*xao ^■^ discrete provided that 

Ictnl 1 1 

lim dn = 0, lim — ^ = oo, and lim > — . (1-10) 

dn. n^oo dnUn 4 



n— >oo n— >oo 



The third condition in (11.101) is sharp (cf. Remark 1 5. 2 7p . Besides, (ll.lOp implies that Hx,o,o may 
be discrete if a = {a;„,}nGN is bounded. Also (ll.lOp enables us to construct operators, which are 
discrete but not lower semibounded. For instance, the operator He = —-^ — ^n&n^V^^{^~V^) 
with C > 8 has discrete spectrum though it is not lower semibounded. 

Let us stress that the spectral properties of the operators Hx.a.o and Hx,/3,o are completely 
different in the case d^, = 0. This becomes clear because of the structure of the boundary operators 
Bx,a and -Bx,/? that parameterize the Hamiltonians Hx,a,o and Hx,/3,o, respectively. Namely, we 
show that the spectral properties of the operator with ^'-interactions are closely connected with 
the Jacobi matrix 

Bx,p := Rx'^'il + U*)B/{I + U)R-^^'\ Bp = diag(-/3„ - rf„), Rx = diag(t/„), (1.11) 

and U is unilateral shift on /2(N). On the other hand, the operator (11.111) is closely connected with 
the Krein string spectral theory (see Subsection l2.2p . Namely, in the case when > 0, n G N, 

the difference expression associated with (11.111) describes the motion of the nonhomogeneous string 
with the mass distribution 

Mpix) = ^ dn, a; > 0; Xn- Xn-l = /?n + dn, Xo = 0. 

X„-1<X 

Based on this connection, we obtain the following criteria for the operator Hx,/3,o to be self-adjoint, 
lower semibounded, and discret^ (Theorem 16.31 and Propositions 16.91 16.111 and 16.151) 

(a) Hx,/3,o is self-adjoint if and only if either 1 = R+ or 

n 

Y,[dn+iY,^f3i + dif] = oo. 

neN i=l 

(b) For the operator Hx,/3,o to be lower semibounded it is necessary that 

> -Cidn - -J-, and > -Cidn+i - -j^, neN, 
and it is sufficient that 

— > -C2 min{rf„, dn+i], neN 

with some positive constants Ci, C2 > independent of n e N. 

(cl) Let X = ]R+. The spectrum ofB.x,/3,o is not discrete if one of the following conditions hold 



^Here we can consider the case when I is a bounded interval 
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• /5n > -Cdl, n G N, C > 0, 

• < -Cidn' + C+i), neN, {(3- := (3n H f3n < and /?- := -oo if /?„ > 0). 
(c2) If dn + Pn > for all n E N, then the spectrum of Hx,/3,o is discrete if and only if 

oo oo 

lim Xn d^ = and lim x„ > + (i,) = 0. 

n— >oo ' n— >oo ' 

j=n j=n 

Note that (a) and (c2) follow, respectively, from Hamburger's theorem and Kac-Krein dis- 
creteness criterion for the operator (11.111) . The results are demonstrated by Example 16. 131 
In conclusion let us briefly describe the content of the paper. 

Section[2]is preparatory. It contains necessary definitions and statements on theory of boundary 
triplets of symmetric operators and the Krein string spectral theory. 

In Section [31 for arbitrary family of symmetric operators {5'n}nGN, we investigate a direct sum 
n = ©^^n„ of boundary triplets Un for S**, n G N. We obtain two criteria for 11 to form a 
boundary triplet for the operator A* = ®fS* and regularization procedures for Un are given. 

Sections HHG] are devoted to the spectral analysis of operators with 6— and 5'— interactions on 
a discrete set X. We confine ourselves to the case q G L°°. In Section HI we construct boundary 
triplets for the operator U^^^. Spectral analysis of the Hamiltonians Hx,q,o and Hx,/3,o are provided 
in Sections [5] and O respectively. More precisely, we study self-adjointness of the minimal operators 
Hx,a,o and Hx,/3,05 discreteness of their spectra, and their lower semiboundedness. 

In Section [TJ we show that self-adjointness of the operator Hx,a,g with 5— interactions is not 
stable under perturbation by positive unbounded potentials if = 0. 

Notation. Sj, Ti stand for the separable Hilbert spaces. [i3,7i] denotes the set of bounded 
operators from to Ti] [f)] := [S^,SS\ and ©^(i^), p G (0, cx)), is the Neumann-Schatten ideal in 
[S^]. C{S)i) and C^S)) are the sets of closed operators and linear relations in i^, respectively. Let T 
be a linear operator in a Hilbert space S). In what follows, dom(T), ker(T), ran(T) are the domain, 
the kernel, the range of T, respectively; cr(T), p(T), and p(T) denote the spectrum, the resolvent 
set, and the set of regular type points of T, respectively; Rt (A) := (T — A/)~^, A G p(T), is the 
resolvent of T. 

Let X be a discrete subset of X C M. By W'^^'^{;[\X), IVo'^(J\X), and Wl;l{X\X) we denote 
the Sobolev spaces 

W'^\X \ X) := {/ G L\X) : /, /' G ACU^ \ X), /" G L\1)], 
W^/{1\X) := {/ G W^^\l) : /(Xfc) = f\x,) = 0, for all x,, G X}, 
W^^^^iX \ X) := {/ G 1^^'2(J \ X) : supp / is compact in J}. 

Let / be a subset of Z, J C Z. We denote by the Hilbert space of ?i-valued sequences 

such that ll/lp = Ylin&i WfnWn < oo; hfi^I^'H) is a set of sequences with only finitely many values 
being nonzero; we also abbreviate I2 := /2(N, C), ^2,0 '■= ^2,o(N, C). 
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2 Preliminaries 

2.1 Boundary triplets and Weyl functions 

In this section we briefly review the notion of abstract boundary triplets and associated Weyl 
functions in the extension theory of symmetric operators (we refer to fl3[ [T^ [20] for a detailed 
study of boundary triplets). 

2.1.1 Linear relations, boundary triplets, and self-adjoint extensions 

1. The set C(7Y) of closed linear relations in 7i is the set of closed linear subspaces of Ti^B'H. Recall 
that dom(e) = {/ : {/, f } G 6}, ran(e) = {/' : {/, /'} G 9}, and mul (9) = {f : {0, /'} G 9} 
are the domain, the range, and the multivalued part of 9. A closed linear operator A m. Ti is 
identified with its graph gr(y4), so that the set C(7i) of closed linear operators in Ti is viewed as 
a subset of C{T-C). In particular, a linear relation 9 is an operator if and only if mul (9) is trivial. 
For the definition of the inverse, the resolvent set and the spectrum of linear relations we refer to 
[T5] . We recall that the adjoint relation 9* G C(H) of 9 G C{n) is defined by 

9* = {{h, h'} : (/', h)n = if, h')n for all {/, /'} G 9} . 

A linear relation 9 is said to be symmetric if 9 C 9* and self-adjoint if 9 = 9*. 

For a symmetric linear relation 9 C 9* in ?i the multivalued part mul (9) is the orthogonal 
complement of dom(9) in Ti. Setting Tiop := dom(9) and Tioo = mul (9), one arrives at the 
orthogonal decomposition 9 = 9°p © 9°°, where 9°p is a symmetric operator in Hop and is called 
the operator part of 9, and 9°° = {({0,/'}) : /' G mul (9)} is a "pure" linear relation in Tioo- 

2. Let A be a densely defined closed symmetric operator in the separable Hilbert space with 
equal deficiency indices n-|-(y4) = dimDl-ti < oo, := ker(A* — z). 

Definition 2.1 ((SO])- A triplet 11 = {7i, ro,ri} is called a boundary triplet for the adjoint 
operator A* ifTiisa Hilbert space and ro,ri : dom{A*) — >■ Ti. are bounded linear mappings such 
that the abstract Green identity 

{A*f, g)^ - (/, A*g)^ = (Fi/, V^g)n - (Fq/, T^g)H, f,ge dom(A*), (2.1) 

holds and the mapping F := {Fq, Fi} : dom{A*) ^ © 7i is surjective. 

First note that a boundary triplet for A* exists since the deficiency indices of A are assumed 
to be equal. Moreover, Ta.±{A) = dim(7i) and A = A* \ (ker(Fo) nker(Fi)) hold. Note also that a 
boundary triplet for A* is not unique. 

A closed extension A of A is called proper ii A C A C A*. Two proper extensions Ai 
and A2 of A are called disjoint if dom(/li) fl dom(A2) = dom(A) and transversal if in addition 
dom(74i) -(- dom(A2) = dom{A*). The set of proper extensions of A is denoted by Ext A. Fixing 
a boundary triplet 11 one can parameterize the set Ext A in the following way. 

Proposition 2.2 (fl4]). Let A be as above and let U = {7i, Fo,Fi} be a boundary triplet for A* . 
Then the mapping 

(Ext A3) A^T dom(I) = {{Fq/, TJ} : / G dom(I)} =: 9 G C{H) (2.2) 

establishes a bijective correspondence between the sets Ext a and C(H). We put Aq := A where 9 
IS defined by (O, i.e. Aq := A* \ T-^O = A* \ {f E dom(A*) : {Fo/,Fi/} G 9}. Then: 
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(z) Aq is symmetric (self-adjoint) if and only if Q is symmetric, and n±{AQ) = n-|-(0) holds. 

[ii] The extensions Aq and Aq are disjoint (transversal) if and only if Q ^ CiTi.) (6 G [H]) . In 
this case Aq admits a representation Aq = A* \ ker(ri — OFq). 

It follows immediately from Proposition 12.21 that the extensions Aq := A* \ ker(ro) and Ai := 
A* \ ker(ri) are self-adjoint. Clearly, Aj = Aq. (j = 0,1), where the subspaces 9o := {0} x H 
and ©1 := X {0} are self-adjoint relations in Ti. Note that Bq is a "pure" linear relation. 

2.1.2 Weyl functions, 7-fields, and Krein type formula for resolvents 

1. In [T3| [H] the concept of the classical Weyl-Titchmarsh m-function from the theory of 
Sturm-Liouville operators was generalized to the case of symmetric operators with equal deficiency 
indices. The role of abstract Weyl functions in the extension theory is similar to that of the classical 
Weyl-Titchmarsh m-function in the spectral theory of singular Sturm-Liouville operators. 

Definition 2.3 ([I3]). Let A be a densely defined closed symmetric operator in S) with equal 
deficiency indices and let U = {7i,ro,ri} be a boundary triplet for A*. The operator valued 
functions 7 : p{Aq) — > [7i, ^] and M : p{Aq) [H] defined by 

7(z) := {To \ ^.)"' and M{z) := Ta{z), z E p{Ao), (2.3) 

are called the 7-field and the Weyl function, respectively, corresponding to the boundary triplet U. 

The 7-field 7(-) and the Weyl function M(-) in fl2.3p are well defined. Moreover, both 7(-) and 
M(-) are holomorphic on p{Aq) and the following relations hold (see [T3] ) 

7(^) = (j + (^-C)(Ao-^)-^)7(C), (2.4) 
M(^)-M(C)* = (^-C)7(C)*7(^), (2.5) 
7*(^) = T,{Ao - z)-\ z, C e p{Ao). (2.6) 

Identity (12.51) yields that M(-) is an i^-^-function (or Nevanlinna function), that is, M(-) is an 
([7i]-valued) holomorphic function on C \ M and 

Imz ■ ImM(z) > 0, M{z*) = M{z), zeC\R. (2.7) 

Besides, it follows from f l2.5l) that M(-) satisfies G p(Im M(2;)) for 2; G C\M. Since A is densely 
defined, M(-) admits an integral representation (see, for instance, [H]) 

M{z) = Co + ^ - d^M{t), z G p(Ao), (2.8) 

where Sjv/ (■) is an operator-valued Borel measure on M satisfying Jj^ -^^dY^u^) G and Co = 
Cq G \H\. The integral in (12. 8p is understood in the strong sense. 

In contrast to spectral measures of self-adjoint operators the measure SAf(") is not necessarily 
orthogonal. However, the measure Em is uniquely determined by the Nevanlinna function M(-). 
The operator- valued measure Yjm is called the spectral measure of M(-). If A is a simple symmetric 
operator, then the Weyl function M(-) determines the pair {A, Aq} up to unitary equivalence (see 
[m [33]). Due to this fact, spectral properties of A^ can be expressed in terms of M(-). 

2. The following result provides a description of resolvents and spectra of proper extensions of 
the operator A in terms of the Weyl function M(-) and the corresponding boundary parameters. 
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Proposition 2.4 (P3])- For any O G C(7i) i/ie following Krein type formula holds 

{Ae - z)-' - {Ao - z)-' = 7(^)(e - M{z))-'Y(z), z G p{Ao) n p(Ae). (2.9) 

Moreover, if z E p{Ao), then 

z G a,(Ae) ^ G ai(e - M(z)), z G {p, c, r}. 

Formula (12. 9p is a generalization of the well known Krein formula for canonical resolvents (cf. 
[2]). We note also that all objects in (12.91) are expressed in terms of the boundary triplet 11. 
The following result is deduced from (12.91) 

Proposition 2.5 (pj]). Let U = {n,To,Ti} be a boundary triplet for A* , 91,62 G C{n). Then: 
(z) for any z G p{Aq-^) fl p^Aq^), ( G p(6i) fl ^(62) the following equivalence holds 

{Ae, - zr' - {Ae, - z)"' G 6p(^) ^ {Q, - - (62 - C)"' e &p{n). (2.10) 

{a) If, in addition, Oi,02 G C(7i) and dom(6i) = dom(02), then 

ei-02 G &p{n) =^ {Ae, - z)-' - {Ae, - z)-' G &p{Sj). (2.11) 

{Hi) Moreover, 61,62 G i/ien implication (12.111) becomes equivalence. 

2.1.3 Extensions of a nonnegative operator 

Assume that a symmetric operator A G C{Sj) is nonnegative. Then the set Ext ^{0, 00) of its non- 
negative self-adjoint extensions is non-empty (see [21 [28]). Moreover, there is a maximal nonneg- 
ative extension Ap (also called Friedrichs ' or hard extension) and there is a minimal nonnegative 
extension Ak {Krein's or soft extension) satisfying 

{Ap + x)-^ <{A + x)-^ < {Ak + x) \ a;G(0,oo), A G Ext ^(0, 00), 
(for detail we refer the reader to [H [2U]). 

Proposition 2.6 ([13]). Let U = {H,Tq,Ti} be a boundary triplet for A* such that Aq = A^>0. 
Let M(-) be the corresponding Weyl function. Then Aq = Ap {Aq = A-^) if and only if 

hm {M{x)f, f) = -00, (lim(M(x)/, /) = +00) , f en\ {0}. (2.12) 

xj,— 00 xjO 

It is said that M(-) uniformly tends to —00 for x — > —00 if for any a > there exists < 
such that M{xa) < —a ■ I-h- In this case we will write M{x) =^ —00, x — > —00. 

Proposition 2.7 ([I3]). Let A be a non-negative symmetric operator in Sj. Assume that U = 
{Ti, To, Fl} is a boundary triplet for A* such that Aq = Ap, and let also M(-) be the corresponding 
Weyl function. Then the following assertions 

{i) a linear relation O G Cscif(7i) is semibounded below, 

{a) a self-adjoint extension Ae is semibounded below, 

are equivalent if and only if M{x) =^ —00 for x —00. 
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2.1.4 Generalized boundary triplets and boundary relations 

In many applications the notion of a boundary triplet is too strong. Therefore it makes sense to 
relax its definition. To do this we follow [HI Section 6]. 

Definition 2.8 ([2]). Let A be a closed densely defined symmetric operator in Sj with equal 
deficiency indices. Let A^, ^ A be a not necessarily closed extension of A such that (A*)* = A. A 
triplet n = {HjTqjTi} is called a generalized boundary triplet for A* ifHisa Hilbert space and 
Tj : dom(74=i,) — > Ti, j = 0, 1, are linear mappings such that 

(Gl) To is surjective, 

{G2) A^:Q := A^: \ ker(ro) is a self-adjoint operator, 
{G3) Green's formula holds 

(AJ, g)s, - (/, A,g),, = {TJ, Tog)n - (Fo/, T^g)n, f^ge dom(A) = dom(r). (2.13) 

Note that one always has A C A^, C A* = A^. The following properties of a generalized 
boundary triplet have been established in |14j . 

Lemma 2.9 ([ll])- Let U = {7Y,ro,ri} be a generalized boundary triplet for A* . Then: 

(i) D^* := dom(A^) fl is dense in and dom(A^) = dom(ylo) + DT*. 

(ii) Ti dom(Ao) = H. 

(Hi) ker(r) = dom{A) and ran(r) = H^H, where T := {Tq, Ti}. 

For any generalized boundary triplet 11 = {H, Tq, Ti} we set A^:j := A* [ker(rj), j = 0, 1. Note 
that the extensions A^^o and are always disjoint but not necessarily transversal. 

Starting with Definition 12.81 one can introduce concepts of the (generalized) 7-field 7(-) and 
the Weyl function M(-) corresponding to a generalized boundary triplet 11 in just the same way as 
it was done for (ordinary) boundary triplets (for detail see [H]). Let us mention only the following 
proposition (cf. [T31 Proposition 6.2]). 

Proposition 2.10 ([H])- Let TI = {7^,ro, Fi} be a generalized boundary triplet for A*, A^ = 
A*\dom(T) , and let M(-) be the corresponding Weyl function. Then: 

(i) M(-) is an [7{\-valued Nevanlinna function satisfying ker(ImM(2)) = {0}, z G C+. 

(ii) n is an ordinary boundary triplet if and only «/0 G p{lmM{i)). 

We also need the following definition. 

Definition 2.11 (|12]). Let A be as in Definition \2.S\ and let Ti be an auxiliary Hilbert space. A 
linear relation (multi-valued mapping) T : ^ Ti? is called a boundary relation for A* if: 
{i) dom(r) is dense in dom(^*) , and identity 

(A/, g)^ - (/, A,g)^ = (/', h)n - (/, /^Oh, (2.14) 

where A^ = A* [dom(r), holds for every {/, /}, {g, h} G F, 

(ii) T is maximal in the sense that if {g, h} G i^^ ©7i^ satisfies the identity (A*/, g) — (/, g') = 
(/', h) - (/, h') for every {/, /} G F, then {g, h} eT. 

Here f,g E domr(c fl), g' E S), g := {g,g'} and h = {h,h'}J= {1,1'} E ranr(c H^). 

Note that in general F is multi-valued. If it is single-valued, it splits F = {Fq, Fi} and Green's 
identity (1211) takes usual form fl27[3D . 
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2.2 Nonhomogeneous Krein— Stieltjes string 

In this subsection, we collect some facts on Jacobi operators of a special form. Namely, consider 
two sequences with positive elements m = {mn}'^=i and / = m„, > 0, n G N. Next, 

consider the matrix 



J, 



in,l 



/ I \ 

mi h h^/mTrn^ ' ' ' > 

I ^(L + L) I 

1 ^(i + i) 



(2.15) 



With unilateral shift U in /2(N), t/e„ = e„+i, n G N, where {e„}„gN is the standard orthonormal 
basis in the matrix 3^,1 can be written as 

= M-^/\l + U)L-\I + U*)M-^'\ M = diag(m„), L = diag(/„). (2.16) 

It is known that the difference expression associated with J^,/ has a useful mechanical interpreta- 
tion, related to the Krein string theory (for detail we refer the reader to [U Appendix, pp. 232-236] 
and [27]). Namely, define the function 

CO 

M{x) = ^ m„, xg[0,£); £ = ^/„, x„ - = /„,, xq = 0. (2.17) 

Then the equation of motion of a nonhomogeneous string with the mass distribution M. is the 
same as the difference equation associated with the Jacobi matrix J^,; (strings with discrete mass 
distributions are called Stieltjes strings). 

Further, associated with the matrix Jm,i one introduces the minimal Jacobi operator in /2(N) 
(see [HE])- We denote it also by Jm,i- By Hamburger's theorem [H Theorem 0.5], the operator 
Jm,i is self-adjoint if and only if 

oo 

^m„+ix^ = oo. (2.18) 

n=l 

A discreteness criterion for the nonhomogeneous string was obtained by Kac and Krein in [26] (see 
also [271. §11]). Applying their result to the operator fl2.15p . we arrive at the following criterion. 

Theorem 2.12 ([26]). Assume ^LW) and set M{C) := \im^^cM{x) = E^=i^n. Then Jm,i = 
I has discrete spectrum if and only if 

in the case C = oo, lim„^ooa:n J^^LnJ^j ~ (^^^ latter yields J^{C) < oo); 

in the case = oo and C < oo, lim„_»oo('C — x„) J2]=i "^i — 0- 

Remark 2.13. // condition (12.181) does not hold, then TL±{Jm,i) = 1 and hence any self-adjoint 
extension of Jm i has discrete spectrum. 

Note also that for J^^i to be discrete it is necessary that either {m^}^]^ G li or {ln}'^=i G h- 
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3 Direct sums of symmetric operators and boundary triplets 

3.1 Direct sum of boundary triplets as a boundary relation 

Let Sn be a densely defined symmetric operator in a Hilbert space ^„ with equal deficiency indices, 
n+{Sn) = n_(S'„) < oo, n G N. Consider the operator A := (B'^^iSn acting in a Hilbert direct sum 
^1 := ®n=i^n of spaces Sjn- By definition, = {f = ©^^J„ : E S)n, E"=i ll/n||' < oo}. We 
also denote by Sj'^ the linear manifold consisting of vectors / = ©^i/n ^ ^ with finitely many 
nonzero entries. Clearly, 

oo 

A* = ®^^,S:, dom(A*) = {/ = ®^^J^ G ^ : G dom(^:), \\S:fnf < oo}. (3.1) 

n=l 

We provide the domains dom(S'*) =: S)n+ and dom{A*) =: 5^+ with the graph norms ||/n|lx-, ^ := 
+ ll^:/n||' and WfWl^ ■.= Ur + = E„ ll/nllL.' respectively. 

Further, let n„ = r[,"\ rj"^ } be a boundary triplet for S*, n G N. By ||rj"^|| we denote 

the norm of the linear mapping rj"'' G [Sjn+, 'Hn], j = 0, 1, n G N. 

Let H := (B'^^i'Hn be a Hilbert direct sum of 7i„. Define mappings Tq and Fi by setting 

oo 

r, := ©jr=irf \ dom(F,) = {/ = ,/„ G dom(A*) : ||Ff Vn||?,„ < oo}. (3.2) 

n=l 

Clearly ^+ fl C dom(Fj) C dom(74*), and dom(F) := dom(Fi) fl dom(Fo) is dense in ^_|_ since 

^+n^° is dense in ^_|_. Define the operators Snj '■= 5'* [ker F^"'' and Aj := (B'^=iSnj, j = 0, 1. Then 

Aq and Ai are self-adjoint extensions of A. Note that Aq and Ai are disjoint but not necessarily 
transversal. 

Finally, we set 

A, = A* [dom(F) and A^j := A^ rker(Fj), j = 0, 1. (3.3) 

Clearly, y4*j is symmetric (not necessarily self-adjoint or even closed!) extension of A, A^^j C Aj, 
j = 0, 1, and 

dom(^,) = {/ = ©5r=i/n e ^ : G kerFf \ J^iW^Ml'+Wr^^ fnf) < oo}, (O' := 1, l' := 0). 

n 

Definition 3.1. Let Tj be defined by and H = ®n=i^n- A collection H = {7^,Fo,Fi} will 

be called a direct sum of boundary triplets and will be assigned as H := ©J^]^H„. 

By Definition 12.11 for a direct sum H = ©5^iH„ to form a boundary triplet for A* = ©^^5* 
it is necessary (but not sufficient!) that 

(a) y4*o and A^:i are self-adjoint, 

(b) A^Q and A^^i are transversal, 

(c) dom(F) = dom(A*), 

(d) Fo and Fi are closed and bounded as mappings from io+ to H. 

It might happen that all of these conditions are violated for the direct sum H. Nevertheless, we 
will show that H is a boundary relation for the operator A* in the sense of Definition I2.11[ 
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Theorem 3.2. Let = {nn,T^o\T^i^ } be a boundary triplet for S*, M„(-) the corresponding 
Wey I function, neN. Let also A* = ®n=iSn and U = ©^=in„. Then: 

(i) n = {Ti, To, Fi} forms a boundary relation for A* with single-valued T = {Fq, Fi}. 

{a) The corresponding Weyl function is 

M{z) = (B^^,Mn{z). (3.4) 

(Hi) ranF = ran({Fo,Fi}) is dense inH^H. 

(iv) The mapping F : ^ © ?i is closed and the mappings Tj : S)^ Ti are closable. 
{v) IfTj is a closure ofTj, then the following equivalences hold 

dom{Tj) =Sj+ ^ Tj e [9j+,n] ^ sup llFf^ll := Cj < ooS j = 0, 1. (3.5) 

nSN 

In particular, dom(F) = dom(Fo) fl dom(Fi) = if and only z/max{Co, Ci} < oo. 

(vi) The operator A^j {see (13.31) ) is essentially self-adjoint and A^j = Aj = (B'^^iSnj, j = 0,1. 

{vii) A^j is self-adjoint, A^j = Aj = ®'^=iSnj, whenever Cj' = sup„gf^ llTj/ || < oo, j = 0, 1. If in 
addition Aq and Ai are transversal, then A^j = (A*j)* <^==^ Cj> 

Proof (i) Let us prove Green's identity (127[3D . By (I3lll)-(l331) and Definition EH for / = ©^=i/n, 
g = (B^=ign e dom(A^,) = dom(F) we get 

oo 

(A/, g)sj - (/, A^g)sj = ^[(5*/„,, gn)sjn - {fn, S^^n)^^] 

n=l 

oo 

= E [(rS'^Vn, r^:^9n)n. - (Fi'^Vn, r^"^ 9n)n.] = (Fl/, Fo^?)^ - (Fo/, r^g)n. (3.6) 

n=l 

Note, that the series in the above equality converge due to (13. ip and (13. 2p . 
To prove the maximality assumption assume that Green's identity 

{AJ, g)^ - (/, g'),, = (Fl/, h)n - (Fq/, h')n (3.7) 

holds for every / G dom(A^,) and some g, g' G S^, and {h,h'} G © 7i. Let us show that 
g G dom{A^) and F^f = {Tog, Tig} = {h, h'}. If / G dom(y4), equality (13.71) yields g G dom(A*) and 
g' = A*g. Hence g = ^^^^gn, 9n e dom(^;), and A*g = (B'^^^S^gn. Setting / = /„ G dom(^:) in 
([32D and noting that h = ®n=ihn, h' = ®n=iK ^ 'H, we get 

(^:/n, ^7n)fi„ - (/n, Slg,,)^^ = (Fj'^Vn, /^n)^,. " (rJ'^Vn, h'Jn„, ^ G N. (3.8) 

Since n„ is a boundary triplet for 5**, T'^^^g^ = hn and T^i^gn = h'^, n G N. Moreover, the inclusion 
{h, h'} en®n yields 

oo oo 

E(liri"^^nllL + I|fS"^^„||L) = + < oo. (3.9) 

n=l n=l 



jr^"'|| stands for the the norm of T^"' as a bounded linear mapping from ?)n+ to 7i„ 
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Inequality fl3.9l) means that g G dom{A^) = dom(r) and Tg = [Tog, Tig} = {h,h'}. This proves 
the maximahty condition. 
(ii) Straightforward. 

(in) Denote by Ti^ the hnear manifolds of vectors h = ©J^i/in £ 'H having finitely many 
nonzero entries. Clearly is dense in TC. It remains to note that = ran(r[(i3+ fl Sj^)) C 
ran(r), since ran(r(")) = H„ © H„, n G N. 

{iv) Let fk = ®n=ifkn, ^ = ®n=i^n G ^)+, and ll/fe - v?|U+ and 

hm Tfk = lim{ro/fc,ri/fc} = {h,h'} = {©^=i/i„,©:Li/i'J eHQH. (3.10) 

fc— >oo fc— >oo 

Let us prove that ip G dom(74*) and T(p = {h, h'}. Since Tjfk = ©^iL^-^Vfen, by (13.101) we get 

lim ri"Vfcn = /in, lim rS^Vfcn = /^n, ^ ^ N. (3.11) 

K— >00 K— >00 

Since limfc^oo \\fkn-fn\\sj„+ = and the mappings F^") = {T^q\ F^"^} : S)n+ 7in©^n are closed 
(in fact, continuous), (13. lip yields 

ipn e S)n+ = dom{S:) and F^^Vn = {/^n, /i'J- (3.12) 

In turn, since ip G S)+ = dom(74*) and 

oo oo 

E(l|ro"Vn|lL + l|rS"Vn|lL) = Edl^-ll?^. + ll^nll^^J < ^' (3-13) 
n=l n=l 

we obtain ip G dom(A=K) and F</) = {Fqv?, Fi(y9} = {/i, h'}. Hence F is closed. 

(v) By (iv), the mapping F is closed. Hence (v) is implied by the closed graph theorem. 

{vi) Clearly, ^+ni3° C dom(y4j). Hence dom(^^,j) is dense in dom{Aj) (in the graph topology). 

(vii) Let Ci < oo. Let us prove the self-adjointness of A^:Q. Since C Aq, it suffices to show 
that dom(Ao) C dom(A*). Let / = ®n=ifn e dom(Ao). Clearly / G dom(Fo) since fn G ker Fq ^ . 
Let us show that / G dom(Fi). According to the second J. von Neumann formula, 

fn = /5„ + (/ + f/n)/n(i), /s„ ^ dom(^„), /„(i) G := %{Sr,), (3.14) 
where f/„ is an isometry from onto Since / G dom(yl*), it follows form fl3.14p that 

oo oo oo oo 

n=l 71=1 n=l n=l 

Hence /(i) := ©^i/n(i) G dom(y4*). Combining this fact with the assumption Ci < oo, we get 
from flXTi]) 

oo oo oo oo 

E iirS"VniiL = E iirS"H/+ f/n)/n(i)iiL < <E n/^wnL. ^ sc'i^E (3.15) 

n=l n=l n=l n=l 

that is / G dom(Fi). Thus, / G dom(yl^.) = dom(F) = dom(Fo) fl dom(Fi). 

Further, let us prove the converse statement assuming that Aq and Ai are transversal. Note 
that = ^0 if A*o = ^lo- Hence (13. 3p yields dom(Ao) = dom(y4*o) C dom(A*) C dom(Fi). On 
the other hand, dom(y4*) = dom(y4o) + dom(y4i) since Aq and Ai are transversal. Thus Fi admits 
an extensions on ^+ = dom(A*), since dom(Ai) C dom(Fi). By (v), Ci < oo. □ 



17 



Next we find a criterion for a direct sum 11 = ©^iH^ to form a generalized boundary triplet. 

Proposition 3.3. Let n„, = {7i„, Fq'^^ F^'^''} be a boundary triplet for S* and M„(-) the corre- 
sponding Weyl function, n E N. Then the following conditions are equivalent: 

(i) A direct sum U = ©J^j^ll^ = {H, Fq, Fi} is a generalized boundary triplet for A* , 

(zz) ran(Fo) =n = (B^^^Hn, 

(Hi) sup„ ||M„(i)|| =: C3 < cx). 

Proof, (i) =^ (ii) This implication is immediate from Definition I2.8[ 

(a) =^ (i) By Theorem I3.2( i). 11 is a boundary relation. Therefore, by [121 Lemma 4.10 
(Hi)], A^:Q is closed since ran(Fo)(= H) is closed. On the other hand, by Theorem \3.2{ vi). A^q is 
essentially self-adjoint. Thus = (^*o)* and the assumption (iii) of Definition 12.81 is verified. 

(a) =^ (Hi). Let ran(Fo) = H. According to the implication (ii) ^ (i), 11 is a generalized 
boundary triplet for A*. Therefore, by [HI Propostion 6.2], the corresponding Weyl function M 
takes values in [H]. By Theorem 13.21 (ii), M{z) = Q)'^=iMn{z) hence M(i) G [H] precisely when 
C3 = sup„ ||M„(i)|| < 00. 

(Hi) =^ [a). Let 7n be the 7-field of the boundary triplet n„. Then (12. 5p implies 

ImM„(i) = (M„(i) - M:(i))/2i = 7n(i)*7n(i), neN. (3.16) 
Since sup„ ||M„(i)|| = C3 < 00, equality (I3.16P yields 

sup ||7n(i)ir = sup II lmM„(i)|| = C3 < 00. (3.17) 

n n 

Let h = (B^^^h^ e n. Then /„(i) := 7„(i)/i„ G %{S*) and, by ^J7^, 

00 00 00 

E = E \Mi)hnr < Ca E Whnf < 00. (3.18) 

n=l n=l n=l 

Hence /(i) := ©^=i/n(i) G %(A*) = ©^=i91i(5:) and Fo/(i) = ©^f^iF^^VnO) = ®^=ihn = h. 
Thus /(i) G dom(Fo) and ran(Fo) = H. The proof is completed. □ 

Corollary 3.4. Let n„ = {7i„, Fq"\ f["^} be a boundary triplet for S* , n G N, and let Fi be 
defined by ( 13. 2p . Then the following conditions are equivalent: 

(i) sup„ ||M„(i)-^|| = C4 < 00, 

(ii) ran(Fi) = n = ©^^i^^n- 

Proof. Alongside the boundary triplet n„ we consider a triplet n„ = {7i„, — F^"''*, Fq"''}, n G N. 
The corresponding Weyl function is M„(-) = — M„(-)~^, n G N. To complete the proof it remains 
to apply Proposition 13. 3[ □ 

Remark 3.5. By TheoremlM ker(lmM(z)) = {0}, z G C+, and hence M(-) G R'{n). 
According to (13.41) . the inequality sup„||Mn(i)|| < 00 is equivalent to the inclusion M(i) G [H], 
that is M(-) G R^[7{\. Hence, the implication (Hi) =^ {i) in Proposition \ is immediate from 
m\ Theorem 6.1]. However we prefer a direct proof because of its simplicity. 

Here R^{T-C) and R^[H] are the Nevanlinna subclasses (definitions may be found in ITB, Section 
2.6]). 
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Next we present sufficient conditions for a direct sum 11 = ©^iH^ to be a generalized boundary 
triplet for A*. These conditions are formulated only in terms of the mappings F". 

Proposition 3.6. Assume the conditions of Theorem \3.2\ hold. Then: 

(i) A direct sum U = ©^;^n„ = {H,Tq,Ti} of boundary triplets n„ is a generalized boundary 
triplet for A* provided that Ci = sup„ ||r["^|| < oo. 

(a) If in addition Aq = (B'^^iSno and Ai = ©^i^^i are transversal, then condition Ci < oo is 
necessary and sufficient for U to be a generalized boundary triplet for A* . 

Proof, (i) Condition (GS) of Definition 12.81 is immediate from Theorem 13.21 (i). Moreover, by 
Theorem 13.21 (vii). condition Ci < oo yields /l^,o = (A^,o)*, hence condition (G*2) of Definition 12. 8[ 
Let us check condition (Gl). Since 7i^(^) = T^^\Sno ~ (see (12.61) ). we get that for any n G N 

||7.(^)Vf = \\Tt\S^o - z)-'fr < ClWiSr^o - z)-'f\\l^ 

= cmsnoiSno - zr'fwi, + ii(5„o - zr'fwi,) < 20^1 + (kr + i)/i imzn, (3.19) 

and hence ||7n(±i)|| = ||7;(±i)|| < CiVG, n e N. Since Mn{z) = T^rhn{z) (see ([23D), we have 
\\Mn{i)h\\ < ||r[")|| ■ ||7n(i)/i|U+ < Civ^||7n(i)/i|| < C^Vu, nen. 

Hence, by Proposition 13. 3[ ran(ro) = H. 

(ii) Follows from Theorem 13.21 (vii). □ 

Corollary 3.7. Assume the conditions of Proposition [Oi Then: 

(i) A direct sum U = ©^in„ of boundary triplets Un = {H,tI^\t^^^} = {7i„, — F^"'', Fq""^} is a 
generalized boundary triplet for A* whenever Co = sup„ llTo"^!! < 

(a) If in addition Aq = (B^=iSno and Ai = (B'^=iSni are transversal, then condition Cq < oo is 
necessary and sufficient for U to be a generalized boundary triplet for A* . 



3.2 When direct sum of boundary triplets is a boundary triplet? 
1. General case. 

As it was already mentioned, the direct sum 11 = ©^iH^ is not a boundary triplet without 
additional restrictions (cf. Theorem 13. 2p . We start with the following result. 

Proposition 3.8. Assume the conditions of Theorem \3.2l Then the direct sum U = ©^in„ is 
an ordinary boundary triplet for A* if and only if 

max{Co, Ci} < oo, Cj = sup HfJ.^^H. (3.20) 

Proof. Necessity is immediate from (13. 2p and Definition 12. 1[ 

Sufficiency. Consider io^ := © fi and Ti.^ := 7i © as Krein spaces with the fundamental 

symmetries Jsj = i ( ? n) ^'^'^ Jn = i ( ? n^n respectively. Now identity (13.61) can be 
rewritten as 

ijJ,9)s,^ = {Jnrf,Tg)n2, (3.21) 
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where / := {/, A*f}, g := {g, A*g} and Tf := Tf. This means that T : S)^ ^ IH? is an isometry 
from the Krein space {i^^, J^} to the Krein space {7i^, Jn}- By Theorem l3.2l (f ). dom(r) = gr(yl*), 
the graph of A* . Since dom(r) is closed in i^^, ran(r) is closed too (see [121 Proposition 2.3]). On 
the other hand, by Theorem 13.21 (m), ran(r) is dense in li? and hence ran(r) = li}. □ 

Remark 3.9. Proposition \3.^ shows that condition f l3.20p is sufficient (but not necessary!) for 
transversality of the extensions A^:Q and defined by (13.31) . This fact complements Theorem 
\3.2^ vii). Moreover, it shows that in the case of a special boundary relation U = ©^in„, condition 
(d) after Definition \3.1\ is sufficient for 11 = ©^iH^ to be an ordinary boundary triplet. Besides, 
(d) and (c) are equivalent and yield the previous conditions (a), (b). 

Now we are ready to state the main results of this section. 

Theorem 3.10. LetUn = {7i„, Fq"''', F^"^} be a boundary triplet for and Mn{-) the correspond- 
ing Weyl function, G N. A direct sum U = Q)'^=illn forms an ordinary boundary triplet for the 
operator A* = ©^j^S** if and only if 

Cs = sup||M„(i)||^„ < cx) and C4 = sup ||(ImM„(i))-^||^„ < cx). (3.22) 

n n 

Proof. By Proposition 13. 3[ the first inequality in (I3.22p is equivalent to the fact that 11 = ©^^Fln 
is a generalized boundary triplet for the operator A*. By Theorem 13.21 (ii) the corresponding 
(generalized) Weyl function is M(-) = ©^iM„(-). Therefore, the second inequality in (13.221) is 
equivalent to C4 = ||(ImM(i))^^||^ < 00, that is to the condition G p(ImM(i)). To complete 
the proof it remains to apply Proposition 12.101 □ 

Theorem 13.101 makes it possible to construct an ordinary boundary triplet starting with an 
arbitrary boundary relation 11 = ©J^j^FI^. 

Theorem 3.11 ([35]). Let Sn be a symmetric operator in Sjn with deficiency indices n±{Sk) = 
n„ < 00 and Sno = S^q G Ext Sn, n G N. Then for any n G N there exists a boundary triplet 
n„ = {7i„, Fq"'^ f["^} for S* such that kerFp"^ = dom(5'„o) an-d U = ©^;^n„ forms an ordinary 
boundary triplet for A* = ©^j^S** satisfying kerFg = dom(74o) := ©^i5'„o- 

Proof. By [201 Chapter III. 1.4], there exists a boundary triplet n„ = {7i„,, Fq"-*, f|^"^} for 5** such 
that dom(S'„o) = S* \ ker Fq"'' , n G N. Let M„(-) be the corresponding Weyl function. Denote 
Qn '■= ReM„(i) and choose a factorization of ImM„(i), R^Rn '■= ImM„(i), such that Rk G [Hk] 
and G p{Rk)- Then we define the mappings fJ"^ : dom(5;) ^ Hn as follows 

fJ'^) := i?„f FS'^):=(i?:)-i(fS")-g„f('^)), nGN. (3.23) 

It is easy to check that F^"^ are well defined and n„ = {7Y„, Fq'^-', F^*^-*} forms a boundary triplet 
for S*. Moreover, the Weyl function M„(-) corresponding to n„ satisfies M„(i) = i/7^„, n E N. 
Hence, by Theorem 13.101 a triplet 11 = ©^iFI^ forms a boundary triplet for A*. The required 
property kerFo = kerFg = dom(ylo) := ©^i^^o is immediate from (I3.23p . □ 

Remark 3.12. Note that the regularization (I3.23P of the direct sum U = ©J^j^II^ = {7i, Fo,Fi} 
has been proposed in I35\ Theorem 5.3]. We emphasize however that condition (I3.22p is more 
flexible than the condition M„(i) = i/?^„, n G N, given in l3^ Theorem 5.3]. The latter is very 
important in applications (cf. Remark \3.16[ below). 
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2. The case of operators with common regular real point. 

Assume the operator A = ©^^^^ has a regular real point, i. e., there exists a = a E p{A). This 
is equivalent to the existence of e > such that 

{a-e,a + e) cn^=^p{Sn). (3.24) 

In particular, (13.241) holds whenever the operators Sn are nonnegative, Sn > 0. Assuming condition 
(I3.24P to be satisfied, we can simplify conditions (I3.22p of Theorem 13.101 as follows. 

Theorem 3.13. Let {Sn}'^=i be a sequence of symmetric operators satisfying (I3.24p . Let also 
Hn = {Hn, Tq^^ r["^} he a boundary triplet for S* such that {a — e,a + e) C p{Sno) and M„(-) the 
corresponding Weyl function. Then 11 = ©J^j^If^ is a boundary triplet for A* = (B'^=iS* if and 
only if 

Cs := sup ||M„(a)|| < oo and Cq := sup || (M^(a))~^|| < oo, (3.25) 

nGN neN 

where M'^{a) := {dMn{z) / dz)\^=a- 

Proof. Necessity is obvious. Indeed, if 11 = ©^iH^ is a boundary triplet, then the corresponding 
Weyl function M(-) is defined by fl3.4p . Moreover, M(-) is an i?[7^]-function analytic at z = a and 
hence M(a) G [H]. Furthermore, it satisfies G p(M'(a)) and thus (I3.25P is fulfilled. 

Sufficiency. We deduce the proof from Theorem 13.101 Namely, we will show that conditions 
(I3.22P of Theorem 13. 101 are implied by the corresponding conditions in (I3.25p . 

First note that M(-) := ©5^iM„(-) is a C(?i)-valued Nevanlinna function since for any z G C_|_ 
the operator M{z) is closed. Further, M„(-) is regular on {a — e,a + e) since {a — e,a + e) C p(5'„o)- 
Due to condition (13.240 . M(-) is also holomorphic on (a — e, a + e) in the sense of Kato [28], that 
is {M{z) — i) ""^ is bounded and holomorphic at zq = a, as well as at 2; G C+ U C_ U {a — e,a + e) 
(see [28| Theorem 7.1.3]). Moreover, due to the first condition in (I3.25p . M(-) is bounded at 
z = a, M{a) G [H]. By Section 7.1.2], M{z) G [H] for \z - a\ small enough (see also flEi 
Theorem 4.2.23(b)]. In turn, the latter yields M{z) G [H] for any z G C+ (see [I2])- In particular, 
M(i) G [H] and the first inequality in (I3.22p is verified. 

Further, by fl23D . 

M^{a) = {dMniz)/dz)U=a = 7:(a)7n(a), neN. (3.26) 
According to ([23D, 7n(i) = [-^ - (« - i)('S'„,o - i)~^]7„(a). Hence 

7:(i)7n,(i) = i:ia)[I - (a + i)(S'„o + i)^'][/ - (a - i)(5„,o - i)"']7n(a). (3.27) 
Noting that (/ — (a — i)(5'„o — i)~^) ^ = I + {a — i)(5'„o — a)~^, we get 

inf (7:(i)7n,(i)/, /) > ||/ + (a - i)(^„o - a)-i^f inf (7:(a)7n(a)/, /). 

Since {a — e,a + e) C p(S'„,o), we have ||/ + (a — i){Sno ^ < 1 + =; c. Combining these 

inequalities with (13.270 and (I3.16p . we obtain 

||(ImM„(i))"i||^„<C2||(M:(a))-i||^„, 



and the second inequality in (13.220 is verified. 



□ 
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For operators A = ©^^S^ satisfying fl3.24|] we complete Theorem 13.131 by presenting a regu- 
larization procedure for 11 = (B^^iHn leading to a boundary triplet. 

Corollary 3.14. Let {Sn}'^=i be a sequence of symmetric operators satisfying (13.241) . Let also 



Tin = {Hn,^()^\^i''^} be a boundary triplet for S* such that {a — e,a + e) C p{Sno), S, 



nO 



5"* |"ker(rQ"'^), and Mn{-) the corresponding Weyl function, n eN. Then: 
(i) The operator M'^{a) is positively definite, n G N. 

{ii) For any factorization M^{a) = B*nRn, where Rn G [7Y„] and G p{Rn), (i triplet 

n„ = {7^„„r("\rS")} wzth r^^^) := /2„f r^-) := (i?;i)*(fS'^) -M„(a)f(")), (3.28) 

is a boundary triplet for S*. 

[ill) A direct sum 11 = ©^iH^ forms a boundary triplet for A* . 

Proof, (i) Let 7^ be the 7-field corresponding to the triplet Tin = {'^n, Tq^^ T^"''}. The functions 
Mn{-) and 7„,(-) are regular within (a — e, a + e) for every n G N since (a — e, a + 5) C p(5'„o)- By 
(I3.26p . M^{a) > and G p[M^{a)) since 7„(a) isomorphically maps 7i„ onto D^a- 

(a) By (i), M'^{a) admits a factorization M^{a) = R^Rn, where _R„ G [7-^] and G p{Rn)- 
Therefore, the mappings Fq"^ and F^"'' are defined correctly and n„ is a boundary triplet for S*. 

{Hi) Let Mn{-) be the Weyl function corresponding to the triplet n„. It follows from (I3.28P 
and the definition of the Weyl function that 

M„(^) = {R-'y[Mn{z) - MM]Rn\ neN. (3.29) 

Hence M„(a) = and M^{a) = {R-^yM'^{a)R^^ = In„, n G N. Thus, both conditions in (IX^ 
are satisfied and, by Theorem 13. 13[ 11 = ©^in„ forms a boundary triplet for A*. □ 

Corollary 3.15. Let {Sn}^=i be a sequence of symmetric operators satisfying (13.241) . Let also 
Tin = {Tin, Tq"'*' r^"^} be a boundary triplet for S* such that {a — e,a + e) C p{Sno), Sno = 
5"* [ker(FQ"''), and Mn{-) the corresponding Weyl function. If the operators Rn G [7i„] satisfy 

R;^ e[l-Ln] and sup ||i?„(ii<(a))^^i?;|| < 00, n G N, (3.30) 

n 

then the direct sum 11 = ©^iH^ of boundary triplets (I3.28P forms a boundary triplet for A* = 

Proof. Since the Weyl function M„(-) corresponding to n„ is given by (13.291) . both conditions 
(I3.25P are immediate from (13.300 . It remains to apply Theorem 13.131 □ 

Remark 3.16. Corollaru \3.15\ is more useful in applications than Corollary 3.14 The reason is 
that it is more convenient and easier to select a suitable sequence {Rn}'^=i satisfying (I3.30p than 
to find the operators (M^(a))^/^. For instance, to construct boundary triplets in Theorems \4.1\ and 
\4.7\ we select Rn being diagonal matrices although M^(a), hence (M^(a))^/^, are not diagonal. 
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3.3 Direct sums of self-similar boundary triplets 

In this subsection, we apply Theorem 13.101 to the special case of symmetric operators Sn that are 
pairwise unitarily equivalent up to multiplicative constants. More precisely, let Si be a symmetric 
operator in Sji, n-i-(S'i) = n < oo. We assume that for any n G N there exists a unitary operator 
Un from S^n onto and a constant dn > such that (to be precise we set Ui := and di := 1) 

Sn := d-^U~'SiUn. (3.31) 

First we suppose that 

< := inf dn < sup dn =: d* < oo (3.32) 

neN nm 

and reprove one result of Kochubei (cf. [221 Theorem 3], [501 Lemma 1]) for this case. 

Lemma 3.17 ([SD])- Let Sn be as above, let Hi = {T-Li,tI^\t^^^} be a boundary triplet for 5**, 
and A = (B'^^iSn- Assume in addition that condition (13.321) holds. Then: 

(i) For any a G M, a triplet n„ := {Tin, Tq^^ T^"''}, where 

nn:=ni, ri'^) := t/r^r^t/,, r^") := d;-ri^)[/„, neN, (3.33) 

forms a boundary triplet for the operator S*. 

(a) Moreover, U = ©^iH^ is an (ordinary) boundary triplet for the operator A*. 

Proof, (i) Straightforward. 

(m) Let Mn{') be the Weyl function corresponding to the triplet n„ = {?^,rQ \ 
It follows from (I3.33P that the Weyl functions M„ and Mi are connected by 

Mn{z) = dl-^''Mi{dlz), zeC±, n>2. (3.34) 

Hence 

l|M.(i)|| = dl-'-\\Mi{idl)l ||(ImM.(i))-^|| = dl-mimMi{idl)r% (3.35) 

Combining fl3.35p with (13.321) . we obtain that {M„}^^ satisfies f l3.22p since Mi is continuous on 
[i{d^f,i{d*f] C C+. Theorem [310] completes the proof. □ 

The following results demonstrate importance of both inequalities in (13.321) for the direct sum 
n = ©^ill^ to be an (ordinary) boundary triplet for A*. 

Lemma 3.18. Let Si be a closed densely defined symmetric operator in Sji with n-i-(S'i) = n < oo, 
let Hi = {Hi,r^\r^i^} be a boundary triplet for SI and Mi{-) the corresponding Weyl function. 
Let also Sn, n E N, be defined by /13. 31\) and suppose that {dn}'^=i satisfies = and d* < oo. 
Then: 

(i) A direct sum U = ©^j^II^ of triplets Un = {Ti-n, Fo"\ F^"^}, where 

Hn = nu fJ") = F[,')f/„, fS"^ = d;2r«[/„, (3.36) 

forms an ordinary boundary triplet for the operator A* = ©^^^5* if and only if 

C+ := -lim ^^^^^^ G [Hi] and G p(C+). (3.37) 
yio ly 
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{ii) A direct sum U = (B'^^iHn of triplets n„ = {7i„, Fq , F^" }, where 

n = Hu F^"^ = rf;'Fi^^t/„, fS") = F^f/,, (3.38) 
forms an ordinary boundary triplet for A* = ©J^^^S*,* if and only if 

C_ := - \imiyMi{iy) E [Hi] and G p(C_). (3.39) 

Proof (i) By fl334D . we get M„(i) = d-^Mi{idl). Since rf* = 0, by Proposition [SJl n is a 
generalized boundary triplet for A* if and only if C+ G [Hi]. Moreover, by Theorem 13. 10[ FI is an 
ordinary boundary triplet precisely if in addition G p(C+). 

(a) The proof is similar to that of (z) if one notices that M„(i) = d'^Mi{id'^). □ 

Remark 3.19. Let Sj\,/i(-) be the spectral measure of Mi{-) (see Section l'2.1.S\} . Then the operators 
C+ and C_ can easily be expressed in terms o/Sj\/^(-). Namely, condition ^3.37^ means that the 
limit Mi(0) := Mi(+iO) exists, moreover, Mi(0) = 0, and the following integral converges 

Jm. t 

Besides, we note that C- = Sa/i({0}). 

Corollary 3.20. Let Sn be as in Lemma \3.18[ let Hi = {Tii, Fq^\ f["^^} be a boundary triplet for 
SI and SiQ := 5^ [ker(FQ^'*). Assume that d^, = and d* < oo. Assume also that Si is a simple 
symmetric operator. The direct sum U = ©J^iFI^ of boundary triplets defined by Ii3. 38\) (by Ii3. 36\) ) 
is an ordinary boundary triplet for A* if and only if 

dim (ker 5*10) = n-|-( 5*1), (respectively, dim(ker S*!!) = n-i-(S'i)) . (3.40) 

Proof. Let us prove the first equality in fl3.40p assuming that the direct sum FI = ©^^FI^ of 
boundary triplets (13.381) forms a boundary triplet. By RemarkEHH C_ = Smi({0}) where Smi(') 
is a nonorthogonal spectral measure of Mi(-). The latter implies 

dim(ker5'io) = rank(Sjv/j ({0})) = rankC_. 

Since FI is an ordinary boundary triplet for A*, Lemma r3.18f ii) yields G p{C^), that is, C_ is of 
maximal rank. Combining these relations, we get dim(kerS'io) = rank(C_) = dimTii = n-i-(S'i). 

To prove sufficiency, let us note that C_ = Smi({0}). Since n-i-(S'i) = dimTYi < 00, we 
obviously get that relations (13.401) and (13.391) are equivalent. □ 

We complete this subsection by considering the situation when d* = 00. 

Lemma 3.21. Let > and d* = 00. Then: 

{i) The direct sum U = ©^;^n„, of triplets defined by (I3.36P is a generalized boundary triplet for 
A* , but not an ordinary boundary triplet for A* , 

(a) n = ©^j^n„ is not a generalized boundary triplet for A* ifUn is defined by (I3.38p . 
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Proof, (i) Since is densely defined, the Weyl function Mi(-) corresponding to tlie triplet Hi 
satisfies (cf. (ESD) 

s-\imMi{iy)/y = (3.41) 

yloo 

Let Un, n G N, be the boundary triplet for S** defined by fl3.36p and M„(-) the corresponding 
Weyl function. Setting in (13.331) and (13.341) a = 2 and combining these relations with (13.361) . we 
get Mn{z) = d~'^Mi{d\z). Combining these relations with (I3.4ip . we obtain 

sup ||M,(i)|| = sup II Ml (1^2) II < oo. (3.42) 

n n 

By Proposition 13.31 11 = ©^iH^ forms a generalized boundary triplet for A*. 

Further, the above relations yield ImM„(z) = d~'^lm.Mi{d^z). Hence and from (I3.4ip we get 

sup||(lmM„(i))"^|| = supci2||(imMi(i(i2))"^|| = oo. (3.43) 

n n 

By Theorem 13.101 11 = ©^iH^ is not an ordinary boundary triplet for A*, 
{ii) Since Si is densely defined, the Weyl function Mi(-) satisfies (cf. (l3.4ip ) 

s - hmy-^Mi{iyy^ = 0. (3.44) 

Let n„, n e N, be a boundary triplet for S"* defined by (I3.38P and M„(-) the corresponding Weyl 
function. It follows from (l33§D and (KMf (with a = 0) that M^iz) = dlMi{dlz), n > 2. Hence 
sup„ ||M„(i)|| = sup II Ml (id^) II = oo. By Proposition 13.31 H = ©^iH„ is not a generalized 
boundary triplet for A*. □ 

4 Boundary triplets for the operator H^j^^. 

In what follows we assume that I = [0,6) C M_|_, < 6 < +oo, is either a bounded interval or 
positive semi axis, X = {xn}'^=o C X is a strictly increasing sequence, 

= xo < xi < a;2 < • ■ ■ < x„ < ■ ■ ■ < 6 < +oo, and lim x„, = b. (4.1) 

71— >00 

We denote dn '■= Xn — Xn-i- Consider the following symmetric operator in L'^{I) 

H^in = dom(H^i,) = W^'\I\X). (4.2) 

Clearly, Hmin is closed and 



^2 



d^ 

Hniin = ©^=iH„, where H„ = - — , dom(H,) = iyo"''[x„_i, xj. (4.3) 



1. Note that Hmin > 0. It is known (see for instance [20]) that Friedrichs' extension H^ of H„ is 
defined by the Dirichlet boundary conditions, i.e., dom(H^) = {/ G W'^''^[xn-i,Xn] '■ f{xn-i+) = 
f{xn—) = 0}. Therefore, the Friedrichs' extension H^ of Hmin is H^ = ©J^iH^, that is 

Hp = dom(Hp) = {/ G W^il \ X) : /(O) = /(x„+) = /(x„-) = 0, n G N}. (4.4) 
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It is easily seen that a triplet n„ = {C^, Fq^^ F given by 

Fr/ := ( {';(;:!)> ) . r<"'/ := ( ) . / ^ wn..-. xj. (4.b) 

forms a boundary triplet for H* satisfying ker(FQ"'') = dom(H^). Moreover, H„ = d~'^U~^SiUn, 
where Si := dom(S'i) = iyo'^[0, 1], and {Unf){x) := ^/(^,f{dnX + Xn-i)- Clearly, f/„ iso- 

metrically maps x^] onto iv^[0, 1]. As it follows from Lemma [3.17[ a triplet FI = ©„gNFI„ 

forms a boundary triplet for the operator H^j^ := (Hmin)* = Hmax whenever 

< = ini dn < d* = sup dn < +oo. (4.6) 

If d^ = 0, then the direct sum Fl = ©^iFljj of triplets (14 .Sp is not a boundary triplet for Hmax- 
We regularize the triplet FI by applying Corollary 13.151 in order to obtain a direct sum triplet 
n = ©^iFI^ for the operator Hj^j^, assuming only that 

d* = supd^ < +00, (4.7) 

neN 

Theorem 4.1. Assume condition (14.71) and define the mappings F^"-' : W2[xn-i,Xn] — > C^, n G N, 
j = 0, 1, by setting 

, ,1/2 ^ \ / t;n/'(xn-i+) + (/(x„-i + )-/(x'„-)) 

<n) r ._ / d^ f{Xn-l + ) \ r ._ / 4/^ 



Then: 

(i) For any n G N the triplet Tin = {C^, Fq'^'', F^""^} is a boundary triplet for H* . 
[a) The direct sum U = ©^iFI^ is a boundary triplet for the operator Hj^jj^. 

Proof, (i) Straightforward. 

(ii) The Weyl function Mn{-) corresponding to the triplet n„ of the form (14. 5 p is 

^"^^'"^ > ^ e C+. (4.9) 

sin(v^c!„) sm{y^dn) / 

Comparing definitions (14.51) and (14. 8 p of triplets n„ and n„, respectively, we get 

F(") = i?„f("\ FS") = i?;i(fS")-Q„fi")), and M^{z) = R-\M^{z) - Q,,)R-\ (4.10) 
where 

Rn = K ■■= 2/') ^""^ ^ ( -1 -1 ) ^ ^^'^^^ 

It follows from (|4A0|) . (I4TTD . and dS]) that 

M„(0) = 0. M;(0) = fl„-'M:(0)fl„-' = fl„-' (-V6 vi')- l^'l^) 
Relations (I4.12p yield conditions (I3.30p One completes the proof by applying Corollary 13.151 □ 
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Remark 4.2. Let = 0. Hence both families {Mn{i)}nen and {Mn{i)}n^^ (see fl4.9l) ) are un- 
bounded. By Proposition^ neither U = Q'^^Un no fi^^) = ®^^^Yl^n \ whereUn = {C^, f [)"\ f J"^} 
is defined by (14. 5p and Un^ := {C^, — r^"\ Fq'^''}, forms a generalized boundary triplet for H^jj^. 
Moreover, by Proposition \3.6[ (i), the mappings Tq = ©^^^Fq"'' and Fi = (B'^^iT^^^ are unbounded. 
Note that, the latter might be checked by restricting the mappings Fq and Fi on OTi(Hinin). 

Note also that Fq coincides with the mapping F^ in Theorem 1]. Hence the triplet H 
constructed in Theorem 1] is not an ordinary boundary triplet. 



Remark 4.3. Let us sketch another proof of Theorem 4-1 Simple calculations with account of 
(14.71) yield that the family {M„(i)}^]^ is bounded. Moreover, it follows from (14. 9 p that 

, / ) whenever lim dn^. = 0. 

— i/O 1 / "J / rifc— >oo 

Hence, by Theorem \3.1(K H = ©J^j^H^ defined by (14. 8 p forms a boundary triplet for H^jj^. 

Proposition 4.4. Let FT be the boundary triplet defined in Theorem \4.1\ and M(-) the corresponding 
Weyl function. If condition i\A.7\) is satisfied, then 

M(-a^) =^ -oo as a +oo. (4.13) 

Proof. By Theorem 13.21 {ii), the Weyl function M(-) has the form M{z) = ©^iM„(2;), where 
Mn{-) is defined by (I4.10p . (14. 9 p and (14. lip . Consider the following matrix-function 

where 

^ . . 1 cosh ax ^ / \ 1 a 

Fa{x) := ^ - a — — , Ga{x) := — — . 

x"^ xsmhax x"^ xsirmax 

It is easy to check that 

Fa{x) < and Ga{x) > for x > 0. 
Since aiMi-a"^, x)) = {F„(x) + Ga{x), Fa{x) - Ga{x)}, we get 

M{-a\ x) < {Fa{x) + Ga(x))/2, x > 0. 

Further, consider the function 

f{x) = -,-^-^^^{ = F,{x)+G,{x)). 
x^ xsmhx 

Note that /(x) < if x > 0. Moreover, / is continuous on R_|. and 

lim /(x) = lim /(x) = 0. 

x—>+0 o x—>+oo 

Note also that lim^^^+oo a;^/'(x) = 1. Hence /'(x) > for x > xq with sufficiently large xq G M+. 
Since Fa{x) + Ga{x) = a'^f{ax), for a > oq > large enough we obtain 

2 a 1 + cosh ad* a 2 

sup (FJx) + GJx)) = T-TTTT ■ ; ; < —2— + t-tttt- 

^6(oJd*)^ ^ ' ^ " {d*y d* smhad* " d* {d*y 
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Note that Mn{—a'^) = M^—a^^dn). Combining this fact with the last inequahty, we obtain 

Mi-a^) = ©^=iM„(-a2) < -^4, a > maxiao, 2/d*}. (4.15) 

d* 

This completes the proof. □ 

Combining Theorem 14.11 with Proposition 12.21 we arrive at the following parametrization of 
the set Ext of closed proper extensions of the operator Hmin : 

H = He := H;iJdom(H0), dom(He) = {/ G dom(H;iJ : {ro/,ri/} G 6}, (4.16) 
where 6 G ^(^2) and Fq, Fi are defined by (14. 8p . 



Theorem 4.5. Let 11 = ©^^n„ be a boundary triplet for H'^^^ defined in Theorem\JJj O, O G 
C{H), and H0,Hq G Ext Hmin proper extensions o/Hmin defined by (I4.16p . Then: 

(i) The operator He is symmetric (self- adjoint) if and only if so is 6, and n-i-(Hmin) = n-|-(6). 

(m) The self-adjoint (symmetric) operator He is lower semibounded if and only if so is Q. 

[ill) For any p G (0, 00], z G p(He) H p(Hq), and ( G p(0) H p(0) the following equivalence holds 

(He - z)-' - (Hg - z)-' G 6, ^ (9 - C)~' - (6 - C)"' G 6,. 

(zf ) r/ie operator He = Hq /ias discrete spectrum if and only if dn \ and O has discrete 
spectrum. 

Proof, (i) is immediate from Proposition 12.21 

{ii) Combining Propositions 12.71 with Proposition 14.41 yields the first statement. Then the 
second one is implied by estimate (14.151) . 

{Hi) is implied by Proposition 12. 5[ 

(iv) First we show that conditions are sufficient. Indeed, the operator 

Ho := H;. Jker(Fo) = ©„6nH„o, H„,o := H; rker(F(")), (4.17) 

has discrete spectrum if lim^^ooC^n = 0. Moreover, the Krein resolvent formula and discreteness 
of o"(6) implies TZhq{z,) — TZhq{,z) G ©00, z G C+, and hence TZhq{z) G ©oo- 

Let us show that condition dn \ is necessary for discreteness of ai^Ho). Without loss of 
generality assume that G p(He). Assume also that lim sup^..^^ (i„ > and He has discrete 
spectrum. Then there exists a sequence {dnk}'k'=i such that dn^. > 'i*/2 > 0. For e G (0,c/*/2), 
define the function 



1, e < X < d^ — e, 
0, x^[0,d,]. 



Note that (pk{x) := Pj^Peix + x„j.) G dom(He), where Pj is the orthoprojection in L^(]R) onto 
L^(X). Moreover, ||(/)fc||/^2 = const and ||He</?fc||L2 = const. Since the functions (pk{-) have disjoint 
supports, the operator (He)~^ is not compact. Contradiction. □ 

Corollary 4.6. He is nonnegative if and only if the linear relation B is nonnegative. Moreover, 
if a is large enough, then He > —a"^ whenever 6 > —-^Ii^. 
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Proof. Since M(0) = 0, by [TSl Theorem 4], we get the first part. Moreover, we have the estimate 
M(— a^) < —a/d*I (see the proof of Proposition 14.41) . and Krein's formula fl2.9p completes the 
proof. □ 

2. Alongside boundary triplet (14. 8 p consider another boundary triplet. Namely, define n„ = 
{H, Tq^\ r^"^} for the operator H*, G N, by setting 



n = c\ T^f := ^ ^;r(;";_y j , rr/ := ^ ' ' j, / e w.^ix^-u xj. (4.18) 

In the following theorem we regularize the family {n„}^^ in such a way that the direct sum of 
new boundary triplets n„ is already a boundary triplet for HJj^jj^ = ©^^H* if rf* < oo. 

Theorem 4.7. Assume condition (14.70 and define the mappings rj"'' : W2[xn-i,Xn] C^, n G N, 
j = 0, 1, by setting 

y(n)r_[ dr^ f{Xn-l + ) \ p(n) , _ / ^1/2 \ 



dn f {Xn ) 



,3/2 



(i) For any n G N i/ie triplet n„ = {C^, Tq"'', r^"-*} a boundary triplet for H* . 

(a) The direct sum U = ©^in„ is a boundary triplet for the operator Hmax = H^j^. 

Proof, (i) Straightforward. 

(ii) The Weyl function of H* corresponding to the triplet Un defined by (15. 3p is 

v^sin(v^dn) 1 



Mn{z) = -(f'^") rj^lti • (4.20) 

\ cos(Y^d„) y/z cos{y/zdn) / 

Comparing definitions (15. 3p and (I4.19p . we get that the triplets n„ and n„ are connected by (I4.10p . 
where the matrices Rn and Qn are defined by 

Rn ■■= ^3/2 j and := M„(0) = ( J J J . (4.21) 

Hence Mn{z) = R~^{Mn{z) — Qn)Rn^ is the Weyl function corresponding to the triplet n„. It 
follows from (ICTll and (IT^ that 

M„(0)=0, M'^iO) = R-'M'MRn' = Rn' (^Jt)2 1/3)^"'= (1)2 l/s) ' ^^"22) 

One completes the proof by applying Theorem 13.131 □ 

Remark 4.8. Clearly, all statements of Theorem \4.5\ with exception of (ii) remain valid for the 
boundary triplet U = ©f^n„ with n„ defined by f l4.19p in place of (14.80 . 
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Corollary 4.9. LetUn be a boundary triplet for B."^ defined by (15. 3p andUn^ := {C^, — r^"\ Fq"^}. 
Lei also H = (B'^^iHn and Yi^^^ := ©^j^IIn ^ be direct sums of boundary triplets and d^, = 0. Then: 

(i) n and H^^) are generalized boundary triplets for H^j^^. 

ill) n and n(^) are not ordinary boundary triplets for Hj^j^. 

(Hi) The operators (Hniin)*o (ind (Hjnin)*i (see (13.31) ) are self-adjoint and {iimm)*j = ffi^^iH^j. 
{iv) The mappings Tq and Fi are closed and unbounded on Sj+ = dom(Hj^i^). 
(v) (Hmin)*o and (Hmin)*i are not transversal. 

Proof (i) It follows from (ICTj) that the families {Mn(i)}^=i and {M-^{i)}^^^ are bounded if 
d* < oo. It remains to apply Proposition 13.31 

(a) If limfc^oo c^rife = 0, then limfc^oo Im (i) =lm^^ o)~(^0 o)' second 

of conditions (13.221) is violated, hence neither 11 no n'^^^ forms a boundary triplet for HJ^jj^. 

(iii) follows from (i) and Theorem 13.21 (vi). 

(iv) Clearly, Fq and Fi are unitarily equivalent. Hence Fq and Fi might be bounded only 
simultaneously. Combining {ii) with Proposition 13. 8^ we conclude that both Fq and Fi are un- 
bounded. Further, by Theorem 13.21 (iv). Tj is closable. Since, by (Hi), ker(Fj) = ©J^j^ dom(H„j) 
is closed in S)+ and ran(Fj) =H is closed, the mapping F^ is closed. 

{v) follows from (iii) and Proposition I3.6( ii). □ 



Remark 4.10. Corollary \4 .91 shows that condition Ci < oo in Proposition \3.6\ is only sufficient 



for n = ©„gNn,i to form a generalized boundary triplet. 

5 Schrodinger operators with (^-interactions 

Let X = [0,6) and let X = {xn}'^=i be defined by (14.11) . In what follows we will always assume 

that condition (14. 7p is satisfied, i.e. d* = sup„(i„ < oo. 

The main object of this section is the formal differential expression 

^x,a ■= + anS{x - Xn), a„ G M. (5.1) 

n=l 

In L'^{T), one associates with (15.11) a symmetric differential operator 
Hi. - don,(H« J ^ {/ . W« „(X \ AO : /'^ ^ °' Z j^i^ }• (5-2) 



Denote by Hx,a the closure of H^^ Hx,a = H^^. 
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5.1 Parametrization of the operator H 



Let = {7i, Fq, rj^} and = {Ti, Fq, V\} be the boundary triplets defined in Theorems 14.11 and 
14.71 respectively. By Proposition 12.21 the extension Hx,o(g Ext Hmin) admits two representations 



H 



X,a 



He, := H;iJdom(He,), dom(He,) = {/ G dom(H;iJ : {r^o/,ri/} G 9,}, 



' = 1,2. 
(5.3) 

(cf. (14.161) ) with closed symmetric linear relation Qj G C{T-C), j = 1,2. We show that 02 as well 
as the operator part O'^ of Oi is a Jacobi matrix. 

1. The first parametrization. We begin with the triplet 11^ = {7i,rQ,r^} constructed in 
Theorem 14. 7[ For any a the operators iix,a and Hq^^ := H^jj^[ker(FQ) are disjoint. Hence 62 in 
(15.31) is a (closed) operator in 7i = /2(F^)- More precisely, consider the Jacobi matrix 

\ 



B 



1 


-df 











-df 




d~{'l^d~'l^ 











d~""d~'l^ 


(Xxd^^ 














-d~^ 


d-^'d^l' 











dt'^dt'^ 


a2d^^ 



\ 



(5.4) 



Let Tx.a be a second order difference expression associated with (15. 4p . One defines the correspond- 
ing minimal symmetric operator in I2 by (see [T] Ej) 



BlJ := Tx,af, f G dom{BlJ := h,o 
Recall that -Bx,qEI has equal deficiency indices and n+(i? 



X,a 



and Bx,a 
= n_{Bx,a) < 1 



BO 

^X,a- 



(5.5) 



Note that Bx,a admits a representation 



Bx,a = Rx\B^-Qx)Rx\ where B, 



1 ° 




















1 











1 






















1 











1 


^2 



v 



(5.6) 



and Rx = ®n=iRn, Qx = ®n=iQn are defined by flOTD . 

Proposition 5.1. Let IP = {7Y,Fq,F^} be the boundary triplet for B.*^^^^ constructed in Theorem 
1^. 7| and let Bx,a be the minimal Jacobi operator defined by (15. 4p - (15.51) . Then 62 = Bx^a, ^-c, 

Hx,. = Hb,,„ = H;,Jdom(HB,,J, dom(H5,,J = {/ G W^^\l\X) : F?/ = i?x,.rg/}. 

Proof. Let / G W^^l^^{X\X). Then / G dom(Hx,a) if and only if f?/ = B^fg/. Here V] := 

i = 0, 1, are defined by (15. 3p . and Ba is defined by (15. 6p . Combining (14.101) . 



^nGNr'j"^ where F^. 



in) 



(K2T\f with dES]), we rewrite the equality Tjf = BJ^lf as Vlf = Bx,cXlf- 
Taking the closures one completes the proof. 



□ 



■^Usually we will identify the Jacobi matrix with (closed) minimal symmetric operator associated with it. Namely, 
we denote by Bx,a the Jacobi matrix (|5.4p as well as the minimal closed symmetric operator (|5.5p . 
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Remark 5.2. Note that the matrix fl5.4l) has negative off-diagonal entries, although, in the clas- 
sical theory of Jacobi operators, off-diagonal entries are assumed to be positive. But it is known 
(see, for instance, fJS^ ) that the (minimal) operator Bx,a is unitarily equivalent to the minimal 
Jacobi operator associated with the matrix 








df 











■■ ^ 




df 




df'^d-"^ 















df'd-'" 




d^^ 


















d-/%''' \ 















dt"d-'/' 






\ 















(5.7) 



In the sequel we will identify the operators Bx,a o,nd -B^a when investigating those spectral prop- 
erties of the operator Yix, a, which are invariant under unitary transformations. 

2. The second parametrization. Let us consider the boundary triplet = {7Y, rg,r]^} 
constructed in Theorem 14. 1[ Now the operators Hx,q and Hg^'' := HJ^j^^ [ker(rQ) are not disjoint, 
hence by Proposition I2.2( ii). the corresponding hnear relation 0i in fl5.3p is not an operator, i.e. 
has a nontrivial multivalued part, mul6i := {/ e 7i : {0, /} G Oi} ^ {0}. 

Let / e W^il^{l\X). Then Tlf,T\f E hfl and / G dom(Hx,a) if and only if Cx,eXif = 
Dx,a^of, where 



C :-- 









Cx,a 


:= CR 


( ° 











. 














. 





-1 


1 





. 














. 











-1 


1 . 



X, 



D 



\ 



{Da — CQx)Rx^ 



( 1 

















1 


1 































1 


1 














Ci2 



J 



\ 



(5. 



(5.9) 



and Rx = ©^=ii2„, Qx = ®n=iQn are defined by (Km . 
Define a linear relation 6^ by 

0? = {{/>^?}e/2,O©/2,O: Dx,af = Cx,ag}. (5.10) 

Hence we obviously get 

}i%a = H;iJdom(H^,J, dom(H^,J = {/ G W^f^^iI\X) : {Tlf,Tlf} G 6?}. (5.11) 

Straightforward calculations show that 0^ is symmetric. Moreover, (15.111) implies that the closure 
of e? is Gi. Hence 6 1 is a closed symmetric linear relation. Therefore (see Subsection |2JJJ) , 6i 
admits the representation 



Oi = e°p © e~, n = Hop © Hoo, n^p = dom(ei) = dom(ef ), Uoo ■■= muiei, (5.12) 

where 9°^(g C{Hop)) is the operator part of 61. Moreover, it follows from (15. 8p that 

mulGi = ker(Cx,a) = i?3f^(kerC), 6^ = {{0, /} : / G mul 0i}. (5.13) 
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Since Tiop = ran(_RxC**), the system {fn}^i, fn := 



dne2 



. , forms the orthonormal basis 

Y d„+dn+i 

in Tiop- Next we show that the operator part O*,''' of Oi is unitarily equivalent to the minimal 
Jacobi operator 



/ rr'(«i + i + i) -(W2)-^ 



B 



X,a 







-(rir2(i2) ^ 




V 



J 



(5.14) 



where r„ := y/rf^ + dn+i, n eN. Observe first that 

Bx,a = Rx^ (Bx + ' where 



/ ^ + ^ 



= diag(r„), ^„ := diag(a„), B 



X 



di ' d2 d2 
-± ± + ± 



d2 





V 



d2 ds 

— — + — 

da ds di 



1 



(5.15) 



(5.16) 



Further, let us show that {f„}^^ C dom(0°^). Assume that there exists such that {f„,g„} G 
0°'', i.e., g„, = Q'^^n- The latter yields g„, G Tiop and hence g„ = Yl^=i9n,kfk- Moreover, after 
straightforward calculations we obtain 

Dx,Ji = r^^{-{ai + d^^ + ^2^)63 + c?2^e5), 

Dx,Jn = {d~^e2n-i - (an + d~^ + d~l^)e2n+i + d~l^e2n+3) , n>2 

00 

Cx,agn = - y^5'n,fc^fce2fc+l, U > 1. 
k=l 

Hence {fn,gn} G 0, i-e., equality Dx,cSn = C*x,agn holds, if and only if 



1 



9n,n—l 



dn^n—l^n 



9n,n 



1 / 1 



(in rf' 



■n+1 



")) 9n,n 



1 



+1 



dn+l^n'^n+1 



n > 2, 



and = for all k ^ {ra — 1, n, + 1}. Hence f„ G dom(0°'') and in the basis {f„}^i the matrix 
representation of the operator 0°'' coincides with the matrix Bx,a defined by (15.141) . Since the 
operator Bx,a of the form (15.51) and (15.141) is closed, we conclude that 0°^ and Bx,a are unitarily 
equivalent. 

Let us summarize the above considerations in the following proposition. 

Proposition 5.3. Let H^ = {7Y, Fq, FJ} he the boundary triplet constructed in Theorem \4.1\ and let 
the linear relation 0i be defined by (15. 3p . Then 0i admits representation (15.121) . where the "pure" 
relation Of is determined by (I5.13P and (15. 9p . and the operator part 0°^ is unitarily equivalent 
to the minimal Jacobi operator Bx,a of the form (15. 5p and (I5.14p . 
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5.2 Self— adjontness 

1. We begin with a result that reduces the property of Hx,a to be self-adjoint to that of the 
corresponding Jacobi matrices Bx,a- 

Theorem 5.4. The operator Hx,q has equal deficiency indices and n+(Hx,a) = n_(Hx,a) < 1- 
Moreover, ii±{Y{x,a) = n±(-Bx,«)j where Bx,a is the minimal operator associated with the Jacobi 
matrix either fl5.4p or fl5.14|] . In particular, B.x,a is self-adjoint if and only if Bx,a is. 

Proof. Combining Theorem 14.51 (i) with Propositions 15.11 and 15. 3^ we arrive at the equality 
n±(Hx,a) = n±{Bx,a)- It remans to note that for Jacobi matrices n±{Bx,a) < 1 (see [BE]). □ 

The following result is immediate from Theorem 15.41 though we don't know its direct proof. 

Corollary 5.5. Let and B^^^ be the minimal Jacobi operators associated with (15.141) and 

(15.41) . respectively. Then \i±{B^^^ = n±{B^^\). In particular, B^^^ is self-adjoint if and only if 

SO IS By^^. 

Remark 5.6. It was found out by Shubin Christ and Stolz that the operator Hx,q may be 
symmetric with n±{Hx,a) = 1 even if I = IR+. In this case the set of self- adjoint extensions o/Hx,a 
can be described in terms of the classical Sturm-Liouville theory (for detail see f^). Theorem \5.4 



enables us to describe self-adjoint extensions of Hx,a in a different way. More precisely, consider 
the boundary triplet IP defined in Theorem \4.'7\ By Theorem 5.4, ^x,a is symmetric if and only 



if the Jacobi operator Bx,a of the form ( 15.4p -( !53|) is also symmetric. By Proposition \2.S\ the 
mapping ^ ^ 

Bx,a := H;;i^[dom%^^, dom%^^ := ker(r^ - Bx,aTl) 

establish a bijective correspondence between the sets of self- adjoint extensions of Bx,a o-nd Hx,q- 

Using various criteria of self-adjointness of Jacobi matrices (see e.g. [H El [31], [32]), we obtain 
necessary and sufficient conditions for the operator Hx,o to be self-adjoint (symmetric) in L'^iT)- 
We emphasize that different parameterizations ( 15.40 and (15.140 of Hx,o lead to different criteria. 

Proposition 5.7. The Hamiltonian Hjjc,a is self- adjoint for any a = {an}^i C M whenever 

oo 



n=l 



Proof. Let Bx^a be the minimal Jacobi operator of the form (15. 7p . (15. 5p . By Carleman's theorem 
[1], [6l Chapter VII. 1.2], Bx,a is self-adjoint provided that 

oo 

Y.^dl + dl/Vj^,) = oo. (5.18) 

n=l 

Clearly, d\< + dn'^d]/^^ < jd'^ + and hence relations ( 15.170 and ( 15.180 are equivalent. 

One completes the proof by applying Theorem 15.41 □ 

If limsup^dn > 0, then condition (15.171) is obviously satisfied and Proposition 15.71 yields the 
following improvement of the result of Gesztesy and Kirsch (cf. [T8l Theorem 3.1]). 
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Corollary 5.8 ([IB])- lini sup„ (i„ > (in particular, = limmf„ci„ > 0^, then B.x,a is 
self-adjoint. 

In fact, Gesztesy and Kirsch [IS] established self-adjointness for the operator Hx,a,g (see f ll.ll) - 
(11.31) ) for a wide class of unbounded potentials assuming only (i* > . Note also that under 
assumption rf* > Corollary 15.81 was reproved by Kochubei [30] in the framework of boundary 
triplets approach. 

2. If X = and condition (15.171) is violated, then the operator Hx,a might be symmetric with 
nontrivial deficiency indices n±{Hx,a) = 1- In particular, this is the case when X = M_|_, dn = ^/n, 
and On = —{2n + 1) (see [ISl Remark on pp. 495-496]). Our next result is partially inspired by 
the example of C. Shubin Chtist and G. Stolz, and it also shows that Proposition 15.71 is sharp. 

Proposition 5.9. Let {dn}'^=i G I2, dn > 0, and 

dn-idn+i >dl, ne N. (5.19) 
//, in addition, the strengths an of 5 -interactions satisfy 



^4 



I'n+l 

n=l 



1 1 

an + -r + 



dn dn+l 

then the operator Ylx, a is symmetric with n±{B.x,a) = 1- 



< 00, (5.20) 



Proof. Consider the Jacobi matrix (15.141) . To apply ^32^ Theorem 1] we denote an := r„^(a,i + 
+ 1/c^n+i) and bn '■= {TnTn+idn+i)^^ , u E N, and define the sequence {c„}^;^ as follows 

Ci := 61, C2 := 1, Cn+i ■■= -%^c„_i, n G N. 

On 

It is easily seen that 

^ ^-(_l)n+i dn+idn-i-... ^ - ._ { Cir^\ n = 2k + l, 

""^^ - ^ ^> ""^^ dn dn-2 ■ . . . ' ^ ' I c^r^-S n = 2k. 

Due to (]5.19p . we obtain 

^r^/"-^ • • • • = ' ■ ■ < Cy^,, n e M. (5.21) 

"n "n-2 ■ • • • y dn+2dn V dndn-2 ' ■ ■ ■ 

Therefore, 

\Cn+l I < cCrn+1 n+2, 

and hence {cn}^i G On the other hand, it follows from (15.201) and (15.211) that J2'^=i kn|c^ < 00. 
By [321 Theorem 1], this inequality together with the inclusion {cn}^i G I2 yields n±{Bx,a) = 1- 
It remains to apply Theorem 15.41 □ 

Remark 5.10. Note that in the case I = IR+ the self-adjointness 0/ Hx,q for arbitrary a C M 



was erroneously stated in 13^ \37^ . 

Let us present sufficient conditions for self-adjointness in the case when (I5.17P does not hold. 
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Proposition 5.11. Assume that (15. 171) does not hold. Let also a = {an}^=i and X = {a;„}°° 



n=l 



satisfy one of the following conditions: 



\(yn\dndn+irn^irn+i = OO, r„ = ^/ dn + dn+l- (5.22) 



n=l 



(a) There exists a positive constant Ci > such that 

an + ^(l + ^] + <Ci{dn + dn+l), ^ G N. (5.23) 



dn V J dn+l \ 

{Hi) There exists a positive constant C2 > such that 

an + ^(l- + f 1 - > -C2{dn + dn+l), ^ G N. (5.24) 

dn \ Tn^lJ dn+l \ Tn+l J 

Then the operator Hx,a is self-adjoint in L'^{T). 

Proof, {i) Since {dn}n=i e we get Y.n=i{dn + (in+i) ^«-i^ n+i < C'Er=i^n < oo - Applying 
tlie Dennis- Wall test ([U p. 25, Problem 2]) to matrix fl5.14p . we obtain that fl5.22p yields self- 
adjointness of the minimal operator Bx,a associated with (15.14^ . By Theorem 15. 4| Hx,« = ^*xa- 
(a) — (iii) Applying P, Theorem VII. 1.4] (see also [H Problem 3, p. 37]) to the Jacobi matrix 
f l5.14p . we obtain that conditions f l5.23p and f l5.24p guarantee self-adjointness of Bx,a- Theorem 
15.41 completes the proof. □ 

Conditions {i)-{iii) show that if IIx,a is self-adjoint, then the coefficients a„ cannot tend to 
oo very fast. Let us demonstrate this by considering an example. 

Example 5.12. Let X = M.+, xq = 0, x„ — = (i„ := l/ra, G N. Consider the operator 

Ha ■= + ^an5{x - Xn). (5.25) 

n=l 

Clearly, {dn}'^^i G I2, i.e., condition (15.171) is violated. Applying Propositions \5.9\ and \5.11\ after 
straightforward calculations we obtain: 

(0 UYl^=i — 00, then the operator Ha is self-adjoint (cf. Proposition \5 . 1 1\ ii)). 

(a) If otn < — 4(n + I) + 0{n"^), then }1a is self-adjoint (cf. Proposition \5 . 1 1\ {ii) ). 

{iii) If an > — ^, n G N, C = const > 0, then is self-adjoint (cf. Proposition \5 . 1 1\ {Hi)). 

{iv) If an = —2n — 1 + 0{n^'^) with some e > 0, then n-i-(H^) = 1 (cf. Proposition \5. 9) . 

Conditions {ii) and {Hi) show that there is a gap between conditions of self-adjointness. More- 
over, {Hi) shows that for the case of positive interactions an the operator is self-adjoint. We 
can extend {iv) as follows. 

Proposition 5.13. Let the Hamiltonian Ha he the same as in Example \5.12[ If 

an = a(^n + ^^ +0{n-'), aG(-4,0), (5.26) 
then the operator B.a is symmetric with n-i-(H^) = 1. 
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Proof. Define the sequence 



Tn+l ■-- 



Then 



rn+i 



n := 1, 



n{n — 2) 



"n 1 



n eN. 



n\\ 



{n + l){n - 1) 



(n + 1)!! 



Let us estimate r„. Observe that 



(2*:-l)!! = 2''''*^^' 



r(i/2)- P*)" = 2'r(* + i). 

where r(-) is tlie classical F-function. Using the asymptotic of r(-), we get 

{Ak + 1)?^, = 1(1 + 0{k~^)), {Ak + 3)?f,+, = 7r(l + 0(A:-2)), 
Indeed, consider the first equahty in (I5.29p . Since r(l/2) = and 

V{k) = ^p2^e-^k^-^l'' f 1 + ^ + 



k oo. 



1 + 



we obtain 



7rr(A; + 1)^ 



e 4A; + 1 



1 + 



-(2fc+l) 



7rA:+ 1/2 V 2A; + 1 
Further, define a° := {a^}^^ by setting 



a. 



._ 



_(4A; + l) + i(l + f)F-2, 
-(4/e + 3) + 7r(l + f)F-2, n = 2A; + 1. 



Clearly, by fl5.29p . a° satisfies (15.261) . Moreover, for this choise of a° we get 
where Bx,aO is defined by ( I5.14p . AaO = diag(a°), and 



(5.27) 



(5.28) 



(5.29) 



'nik + iy^+^l + ^ + Oik-^W 
[1 + 0{k-^)) = - [1 + 0{k-^)) , k^oc. (5.30) 



Ri := diag(r„), and Ja 



/i(l + f) 1 

1 vr(l + f) 1 

1 1(1 + 1) 1 

1 7r(l + f) 
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The Floquet determinant (see, for instance, [IHl §7.1]) of the peridic Jacobi matrix J a is A(j(A) = 
-2 + (A - ^(1 + f))(A - 7r(l + f )). Note that all solutions of r„/ = are bounded if |A„(0)| < 2 
(here Ta is a difference expression associated with the matrix J a)- The latter is equivalent to the 
inequality < |1 + || < 1. Moreover, all solutions of r_2/ = are bounded too. Therefore, all 
solutions of Ta/ = are bounded if 

|2 + a| < 2. 

Furthermore, g solves Tx,ay = precisely when RxRiQ solves r^/ = 0. By fl5.28l) - fl5.29l) and 
fl5.16p . we get {rnrn}nm ^ h- Hence all solutions of the equation Tx^aV = are I2 solutions, 
that is the operator Bx.aO is symmetric with n±{Bx,a") = 1- Since bounded perturbations do not 
change the deficiency indices of Bx.a, we complete the proof by applying Theorem 14.51 (i). □ 



5.3 Resolvent comparability 

Let us fix X = C X and consider Hamiltonians Hx,ai and Hx,a2 corresponding the strengths 

ai = {ttn''}^! and 02 = {ttn^j^i, respectively. 

Proposition 5.14. Suppose Hx,ai and Hx.aa ^^^^ self-adjoint and Bx.ai and Bx,a2 the corre- 
sponding (self- adjoint) Jacobi operators defined either by 05.41) or fl5.14p . Then for any z G 
p(Hx,ai) n p(Hx,a2) ^'^^ V ^ (0) cxd) U {c)o} thc inclusion 

(Hx,„, - z)'' - {}ix,a, - z)-' e 6p (5.31) 

is equivalent to the inclusion 

{Bx,a, - i)"' - iBx,a, - i)-' e 6p. (5.32) 

Proof. Combining Theorem 14.51 with Proposition 15. 3[ we get the result with Bx^a defined by 
fl5.14p . The result with the matrices defined by (15.40 is implied by combining Proposition 15 . II with 
Remark |Ml □ 

Next we present simple sufficient condition. 

{(1) (2) ^ ^ 
""d I ^ ^P' P ^ P = 00/, then inclusion (15.311) holds. 

Proof. Clearly, ^2,0 C dom(i?x,ai) H dom(i?x,a2)- Oii the other hand, for any / G (2,0 (15.60 yields 

(^(l)_^{2) \ 
""^^ 



Hence and due to the assumption, Bx,a2 ~ Bx,ai G ©p C [H] and dom(i?x,ai) = dom(_Bx,Q2)- K 
remains to apply Proposition 12.51 □ 

In the case > 0, the resolvent comparability criterion was obtained in [30] (see also |37j).We 
omit the corresponding proof, though it can be extracted from Proposition I5.14[ 

Corollary 5.16 ( [30l 137] ). If < < d* < 00, then (I5.3ip is equivalent to the inclusion 

(a« - i)"i - («(2) _ i)-2 ^ pG(0,oo), (Gco, if p = 00). (5.33) 

Moreover, if {an^}^^^^ G loo, then (I5.33P holds precisely when {an^ — an^}'^^^ G Ip (g Cq). 
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5.4 Operators with discrete spectrum 

Combining the resuhs of Section 15.11 with Theorem 14. 5[ we obtain the discreteness criterion for 
the Hamiltonian Hx,a. 

Theorem 5.17. Let Bx^a be the minimal Jacobi operator defined either by fl5.4l) or (15.141) . 

(i) If n±{Bx,a) = Ij then any self-adjoint extension ofUx.a has discrete spectrum. 

[a) If Bx^a = Bx a! then the Hamiltonian Hx,a(= ii*x a) discrete spectrum if and only if 

• hm^^oo c^n = , and 

• Bx,a has discrete spectrum. 

Proof. 1) To be precise, let Bx,a be defined by (15. 4p . Since ii±{Bx,a) = 1, any self-adjoint 
extension of Bx,a has discrete spectrum (see [HE]). Moreover, by Corollary 15. 8[ lim^^oo c^n = 0. 
Hence the operator Ho defined by (I4.17P has discrete spectrum too. The Krein resolvent formula 
(12.91) implies that any self-adjoint extension of B.x,a is discrete. 

2) follows from Theorem 14.51 (iv) and Remark 14. 8[ □ 

Next we present some sufficient conditions for self- adjoint Hamiltonian B.x,a to be discrete. 

Proposition 5.18. Assume that the operator Bx,a defined by (15.41) -( 1H75I) is self-adjoint and 
lim^^oo^n = 0- If 

laJ 1 1 
lim — = oo and lim > — -, (5.34) 

n^oo dn Ti^oo (i„Q!„ 4 

then the operator Hx.a has discrete spectrum. 

Proof. Applying [TOl Theorem 8] to the operator B'^ ^ of the form (15. 7p . we obtain that the 
spectrum of B'j^ ^ is discrete provided that lim„^oo dn = and conditions (15.340 are satisfied. 
Theorem 15 . 1 71 completes the proof. □ 

Proposition 15.181 enables us to construct Hamiltonians H^ „ with discrete spectrum, which is 
not lower semibounded. 

Example 5.19. (a) Let X = M+, Xn = y/n, n E N. Then dn = ^^^/^^ ~ 

Proposition 5.7, the operator B.x,a is self- adjoint for arbitrary a = {an}'^=i C M. Consider the 

operator 

H, := + 5^^^' S{x - v^), ee (0, 1/2). 

n=l 

Clearly, conditions (I5.34p hold and hence the operator H^ is discrete if e G (0, 1/2). 

(6) Again, let I = M+, x„ = y/n, n G N. Define an = — Ci/n, C = const G M. By Proposition 
\5.18l the operator 

Hc:=-^- J]Cv/^5(x-v^), 

n=l 

has discrete spectrum if C > 8. Moreover, the operator He is not lower semibounded since so is 
the operator considered in Proposition 15. 2S\ (see below). 



39 



Remark 5.20. It was stated in I38^ that the spectrum (T(Hx,a) of}ix,a is not discrete whenever 
a E . However, Example \5.iy\ (a) shows that cr(Hx,«) may be discrete even z/lim^^oo = 0. 

Proposition 5.21. Let the operator Bx,a defined by (15.141) be self-adjoint and lim^^oo dn = 0. // 

\an + l/dn + l/dn+l\ 

lim = oo, 



n— >oo 



lim ( andn+i + 1 + j (^an+irfn+i + 1 + J— ) < 7, (5.35) 



then the operator Hx.a has discrete spectrum. 

Proof. Applying [lOl Theorem 8] to the Jacobi matrix Bx,a of the form (15. lip we get that Bx,a 
is discrete. Since lim^^oo c^n = 0, by Theorem 15.171 so is Hx,a. □ 

Remark 5.22. In the case lim^^oo = 1? Proposition \5.18\ follows from Proposition \5.21\ 
Let us also note that the second of conditions (I5.34p (of conditions (I5.35P ) is sharp. In fj^ , 
under additional mild assumptions on coefficients it is shown that the operator Bx,a has absolutely 
continuous spectrum if the limit in (I5.34p is less than — | ( resp. greater than j ) and {dn}nm ^ h- 

Proposition 5.23. Assume that lim^^oo dn = and 

n-*oo (^dn + dn+l) \ dn dn+l "n'^n "n+l'^n/ 



where = ^Jdn + dn+i ■ Then the operator Hx,a is self-adjoint and has discrete spectrum. 

Proof. By Proposition 15.111 {Hi), the operator Bx^a defined by (15. lip is self-adjoint. By [TTl 
Theorem 3.1], (15.360 yields discreteness of Bx,a- It remains to apply Theorem 15.171 □ 

5.5 Semiboundedness 

We start with general criterion of semiboundedness. 

Theorem 5.24. Let the minimal Jacobi operator Bx,a be defined by (15.50 and (I5.14p . Then the 
operator B.x,a is lower semibounded if and only if Bx,a is lower semibounded. 

Proof. According to (15.30 B.x,a = Hsi- By Theorem 14.51 {ii), the operator Hx,a = is lower 
semibounded if and only if Oi is. It remains to note that by Proposition 15. 3[ the operator part 
6°'' of 6i is unitarily equivalent to the operator Bx,a defined by (15.50 and (l5.14p . □ 

Let us present several conditions for semiboundedness in terms of X = and a = 

The following result has been obtained in [7j using the form method. 

Corollary 5.25 ([Z]). Let d^ > 0. Then the operator Y{x,a is lower semibounded if and only if 

inf an > — oo. (5.37) 
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Proof. Since (i^, > 0, the operators Bx, Rx, Rx flS.lSp are bounded. Therefore, Bx,a is 
semibounded if and only if so is Aa, that is the sequence a = {an}^i- □ 

In the case c?* = the situation becomes more comphcated. Indeed, condition (15.371) is no 
longer necessary for lower semiboundedness (see [H Example 2]). Moreover, we will show that 
(I5.37P is no longer sufficient (cf. [SHI Corollary 2] where the opposite statement is announced). 
Moreover, B.x,a might be non-semibounded below even if inf„^oo = 0. 

We begin with the following sufficient condition. 

Corollary 5.26. The Hamiltonian Hx,a is semibounded below whenever 

inf ^ > -oo, (5.38) 



n— >oo 



Proof. The matrix Bx in (I5.16P admits the representation Bx = {I — U*)D-^{I — U), where 
Dx '■= diag{dn) and U is unilateral shift in 12- Hence Bx is nonnegative, Bx > 0, and we get 

Bx,a = Rx^{Bx + Aa)Rx^ > Rx^AaRx^, 

Since Rx = diag(r„) and Aa = diag(a„) we obtain lower semiboundedness of Bx,a by combining 
the last inequality with condition (15.380 . Theorem 15.241 completes the proof. □ 

Remark 5.27. In the case d^, > 0, condition (I5.38P is equivalent to (15.370 and hence is also 
necessary for semiboundedness ofUxa- If d^ = 0, then (I5.38P is only sufficient (see ^ Example 
2]). 

Note that condition (15.380 may be violated even if a„ — > 0. Next example shows that in this 
case the operator Hx,q might be non-semibounded below. 

Proposition 5.28. Let X = IR+ and x„ = v^- If c^n = —n~^ with e G [0, 1/2), then the operator 
Hx,o is self-adjoint and not semibounded below in L'^{I). 

Proof. Note that dn = y/n — — 1 = x as n — >• 00. Hence, by Proposition 15.71 

the operator Hx,a is self-adjoint. 

By Proposition 15. 3[ B.x,a = He^, where the operator part 6'^ of Oi is unitarily equivalent to 
the Jacobi matrix Bx,a of the form (I5.14p . Clearly, Bx,a admits the following representation 

Bx,a = Rx\Bx + Ao)R-x^ = Rx' [^x ^'(-^pcr + UK^U* + UK + KU* + Aa)D~'/^]Rj}, 
where Dx = diag((i„), U is unilateral shift in I2, and 
/ 2 1 ... \ 



Jpcv 



1 2 1 ... 
1 2 ... 

V / 



\/4 



K = diag{kn), K ■= ^ - 1, Aa = A^Dx = dmg{ar, 



Note that a„ = a„(i„ x —n (^Z^+s) and /c„ = 0{n ^) as n ^ 00. Since e E [0,1/2), the sum 
^(in + kn is negative for n large enough. Therefore, Bx,a '■= Rx' [-^x^^^(^pcr + ^-^a) D x^^^] ^x' 
lower semibounded if so is Bxa- 
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Let Jn = (/i, . . . , /27V, 0, 0, . . . ), where /2„ = 1, /2n-i = -1, n G {1, . . . , N}. Then we get 

2JV 27V , 27V 



(A/7V, /7V) = Y] andn = " , > " 

n=l n=l V * n=l 



27V 2Ar 27V+1 ^ 

(<^per/7V, /at) = 2, H-Rx-D^^^/iV || ^ = ^ + -y/rf^^)^ > ^ 



n + 1 n 

71=1 71=1 71 = 2 

Therefore, 

■ f (^X,./, /) ^ (( Jpc. + ^Ia)/7V, /tv) ^ E;=1 ^-^-^/^ ^ (2iV)^/^- ^ _ 

/^o ll/P - \\RxD]i'M^ ~ ETJ'n-' ^ log(2iV+l)' 

Since e E [0, 1/2), the operator Bx,a is not lower semibounded and hence so is Bx,a- By Theorem 
15.241 B.x,a is not lower semibounded too. □ 

Remark 5.29. The matrix Bx,a in Proposition 15. 2^ can he considered as an unbounded Jacobi 
matrix with periodically modulated entries l2^ . But in the above situation we cannot apply 
the criteria of J anas and Naboko f2R %2] since aadJpcr) = [0,2]. In the proof of Proposition \5.28\ 
we follow the line of IMj Example 3.2]. 

Remark 5.30. (z) In Theorem 3.2], it was announced (without proof) that Hx,a is lower 
semibounded if I = M.^ and fl5.37l) holds. However, by Proposition \5.28[ H^q, may be not lower 
semibounded even in the case lim^^oo = 0. 

(ii) Using the form method, semiboundedness of the the operator B.x,a has been studied by 
Brasche (see ^ and references therein). In the case when all strength an are negative, he ob- 
tained a criterion for the operator Hx,a to be lower semibounded |^ Theorem 3]. Note also that 
Proposition \5.28\ can be extracted from Theorem 3]. 

Semiboundedness and discreteness of the operator B.x^a will be treated by using the form method 
in our forthcoming paper. 



6 Operators with (^'-interactions 



Let X and X be as in Section H] and let (5 = {f3n}'^=i C M. Consider the following operator in 
dom(H^, J = {/ G W^^^^il \ X) : ^^^^"^j^^ , G X}. (6.1) 



Note that H^^ is symmetric in L^{T). Denote its closure by Hx,/?, Hx,/? = H^^. The Hamiltonian 
Hx,/3 is known in the literature as the Hamiltonian of (^'-interactions with strengths /3„ at points 
[31 in mi [13, SS]) and it is associated with the formal differential expression 

j2 °o 

ix,p:=~^ + J2f^-{;^'nK, Pn^R, (6.2) 

r7=l 

where S'^ := S'{x — x„). 

In what follows we always assume that 7^ 0, n G N, and d* < 00. 
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6.1 Parametrization of the operator Hx,/3 



Following the line of reasoning of Subsection 15.11 we treat Hx,/3 as an extension of Hmin defined 
by fll.6p . As in Subsection 15.11 we consider two parameterizations of Hx,/3 corresponding to the 
boundary triplets constructed in Theorems 14.11 and 14.71 

1. The first parametrization. We begin with the triplet 11^ = {T-C,rl,r\} constructed in 
Theorem 14. II and denote by Oi the linear relation parameterizing the operator H^,/? in the triplet 
III according to fl4.16l) . Since /3„ 7^ 0, n e N, the operator Hx,/? is disjoint with the operator 
Ho := H^in|"ker(rQ) (cf. fl4.17p and (14.81) ). Therefore, by Proposition 12. 2|, the linear relation 0i is 
a closed (not necessarily densely defined) operator. 

Consider the following Jacobi matrix 



B 



X,f3 










Pi 














v ... 





d~i 





1/2,-1/2 



/3l 



/3i 







2 ^ 

-1/2,-1/2 







-1/2,-1/2 



^3 L 

/32 +^3 



\ 



(6.3) 



Note that Bxfi admits the representation 



-Sx,/3 = ^xi^fi - Qx)R 



X ' 



Br- 



( 






V ... 












1 


1 





/3i 




1 







/3i 


/3i 








1 

/32 



(6.4) 



where Rx 



f^Rn, Qx 



-_iQn are determined by (14.111) . Arguing as in the proof of 



Proposition 15. H we arrive at the following proposition. 

Proposition 6.1. Let = {T-C,rl,r\} be the boundary triplet constructed in Theorem \4.1\ and 
let Bx,/3 be the minimal closed symmetric operator associated with the matrix (16. 3p . Then Oi is 
densely defined, 0i G C{H), and 9i = -Bx,/3, that is 



H 



x,p 



X,I3 



Hmin rdom(HB 



dom B.B 



X,0 



2. The second parametrization. Consider now the boundary triplet 11^ 
constructed in Theorem 14. 7[ Further, consider another Jacobi matrix 



{/ G dom(H;iJ : P} = BxM. (6.5) 



B 



X,/3 



( 











-(/3i + rfi)rfr' 

d^ ^^'^d. 



3/2^-1/2 










3/2,-1/2 



-d~^ 








-{f32 + d2)d^' d-^'"'d 



d-'l^dl'l' 







3/2,-1/2 







\ 



(6.6) 
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Though we denote by two different Jacobi matrices fl6.4p and fl6.6l) . it will not lead to mis- 
understanding in the sequel. Using the boundary triplet 11^ = {7i, rg,r^}, after straightforward 
calculations we arrive at the following parametrization of Hx,/3. 

Proposition 6.2. Let = {7i, FqjF^} be the boundary triplet constructed in Theorem \4 .71 and 
let Bx.fi be the minimal closed symmetric operator associated with the Jacobi matrix (16. 6p . Then 

Hx,/3 = Hb^^ := H^^i^fdomHij^^, domHs^^ = {/ e dom(H;;i^) : = BxfiVl}. (6.7) 



6.2 Self— adjointness 

The following result gives a self-adjointness criterion for the operator with ^'-interactions on X. 

Theorem 6.3. The operator Hx,/3 has equal deficiency indices and n_|_(Hx,/3) = n_(Hx,/3) < 1- 
Moreover, Hx,/? is self-adjoint if and only if at least one of the following conditions is satisfied: 

(0 Er=i'^n = oo, z.e., X = ]R+. 



[11] 



oo. 



Proof. Combining Theorem 14.51 (i) with Proposition 16. 11 we get n±{B.x,i3) = n±{Bx,i3)- Since -Bx,/3 
is a minimal Jacobi operator, n+(Hx,/3) = n_(Hx,/3) < 1. 

Further, consider the Jacobi matrix Bx,/3 defined by (16. 3p . One can check that Bx,i3 admits 
the representation (12.150 . Namely, 



Bx,f^ = R-x\l + U)D-]p{I + U*)R-x\ Dx,fs 



1 di 








. 







/31 





. 










d2 


. 













P2 ■ 





\ 



(61 



J 



where U is unilateral shift in I2 and Rx = ©^i-Rn is defined by (14. lip . In other words, Bx,(3 
coincides with Jm,i defined by (I2.15P if we set 



I 



2n-l 



d. 



ni ^2n 



f^2n-l — fT^2n '■— dn, 



n e N. 



(6.9) 



Therefore, the corresponding difference equation Tx./sy = has the following linearly independent 
solutions (cf. P, formulas (0.9), p. 236]) 



P2n~l 



-P2n 



Q(0) := {qn} 



00 

n=l' 



q2n^i = -Vd^Y2=ii(^k + dk 



y dji 

q2n 



I ^3/2 
— q2n-l + "n 



n G N. 



The operator Bx,fi is symmetric with yi±{Bx,i3) = 1 precisely when P(0), (5(0) G I2 (cf. P,[6]). 
The latter holds if and only if both conditions (z) and {ii) are not satisfied. □ 

Condition {i) of Theorem 16.31 immediately yields the following result of Buschmann, Stolz and 
Weidmann [H Theorem 4.7]. 



Corollary 6.4 ([9]). // X 



then the operator Hx,/? with 5' -interactions is self-adjoint. 
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Remark 6.5. In the case d^, = 0, the structure of the boundary matrices Bx,a o.nd Bx,j3 that corre- 
spond to operators with 5- and 5' -interactions, respectively, is completely different. Therefore, the 
spectral properties of the operators Y{x,a o,nd ^x,p o,re substantially different ( cf. Proposition 15.^ 
and Corollary \6.4\ )- Moreover, for the Hamiltonian Hx,/3 Theorem \6.3\ gives simple self-adjointness 



criterion formulated in terms of both X and {3, although for the Hamiltonian Hx,o we have only 
necessary and sufficient conditions. 

6.3 Resolvent comparability 

Let us fix X C X and assume that d* < oo. Consider the Hamihonians 'i{x,(5W ^'^d H^^^(2) (16. ip 
with strengths (3 = P^^^ and P = (3^'^\ respectively. 

Proposition 6.6. Suppose Yix^fiW o-nd Yix^pCi.) are self-adjoint. Let also Bx^pm and Bx^pm be the 
corresponding (self- adjoint) Jacobi operators defined either by (16.31) or by (16. 6p . Then: 

{i) For any p G (0, oo] and for any z G p(HjY,^(i)) H pi^x^p^'^)) ^he inclusion 

(H^,^(i) - zY' - {Rx,p^., - zY' G 6p (6.10) 

is eguivalent to the inclusion 

{Bx,pw - i)-' - {Bx,pi., - i)-' G 6p. (6.11) 

{^^) If 



[G Co, p = oo) 




then fl630|) holds. 
(zn) // 



then fl630|) holds. 



oo 



G /p, pG(0, oo) (Gco, p=oo) 

n=l 



Proof, (i) follows from Theorem 14.51 and Propositions 16.11 and 16.21 

Proof of (ii) and (Hi) is similar to the proof of Corollary I5.15[ We only emphasize that for 
proving (ii) we use parametrization (16. 3p . while for proving {Hi) we exploit parametrization (16. 6p 
of the Hamiltonians Hx,/3(i) and Hx,/3{2) . □ 

In the case d^, > 0, the resolvent comparability criterion was obtained in [39] . 

Corollary 6.7 ([M])- If < d^.. < d* < oo, then (16.101) is eguivalent to the inclusion 

(pW-i)-^-(p(^)-i)-^elp, pG(0,oo), (Geo, p = oo). (6.12) 

The proof of Corollary 16.71 can be extracted from Proposition 16.61 {i) and we omit it. 
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6.4 Operators with discrete spectrum 

Following the line of Subsection 15.41 we begin with the criterion for the operator Hx,/? to have 
purely discrete spectrum. 

Theorem 6.8. Let Bx,p be the minimal Jacobi operator defined either by fl6.3p or by (16.61) . 

(i) If n±{Bx,a) = 1; ^-e., both conditions of Theorem \ are not satisfied, then any self-adjoint 
extension o/Hx./3 has discrete spectrum. 

(ii) If Bx,f3 = B*x p, then the Hamiltonian Hx,/3(= ^*x p) has discrete spectrum if and only if 

• lim^^oo dn = and 

• Bx,/3 has discrete spectrum. 

Proof. Easily follows from Theorem 14.51 and the results of Subsection 16. 1[ □ 

Let us first present several simple necessary conditions for the operator Hx,/3 to have purely 
discrete spectrum. 

Proposition 6.9. Let I = R+, c/„ — 0. // there exists a positive constant C > such that at 
least one of the following conditions is satisfied: 



{^) > -Cdl, nen, 

{li) Z?;^ < -C{d;^^ + c/;ji), n G N, (I3~ ■= /5„ < and := -oo if (3n > 0), 



then the spectrum of the operator Hx,/3 is not discrete. 

Proof. First, assume that /3„ > 0, n G N. Consider the matrix (16. 3p . Since admits the 

representation (16.81) . we can apply the discreteness criterion of Kac and Krein (Theorem 12.121) . 
However, by (16.91) . neither {mn}'^=i nor {/„}^^ is in li if ^ li. Hence, by Remark [2.131 

the spectrum of Bx,/3 is not discrete. Applying Theorem 16.81 we conclude that the spectrum of 
Hx,/3 is not discrete. 

Consider now the matrix Bx,/3 defined by (16.61) and assume that condition (z) is satisfied, i.e., 
Pn > ~Cd^, n G N, with some positive constant C > 0. Setting /3„ := /9„ if /3„, > and Pn '■= Cd\ 
if Pn < 0, we obtain {(/3„ — (3n)d~'^}^^i G loo and, by Proposition \Q.&l iii). Bx,i3 is a bounded 
perturbation of B^j^. Therefore, the spectra of and B^j^ are discrete only simultaneously. 

However, as it is already proved, the spectrum of Bj^j^ is not discrete since > 0, n G N. 
Theorem 16.81 (ii) completes the proof. 

Assume now that condition (ii) holds. Then the matrix Bx,i3 of the form (16.31) is a bounded 
perturbation of the matrix Bx,\i3\, where \P\ := since 



Therefore, (i) implies that the spectrum of Bx,i3 is not discrete and hence the spectrum of Hx,/3 



Corollary 6.10. IfT = and (3n > for all n G N, then the spectrum o/Hx,/3 is not discrete. 




is not discrete. 



□ 
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The following result gives sufficient condition for the operator H^^^ to have discrete spectrum. 
Proposition 6.11. Assume Pn + dn > for all n eN. 

(i) Let X = [0, b) be a bounded interval and let X and (3 be such that the Hamiltonian B.x,/3 is 
self-adjoint. Then Hx,/3 has discrete spectrum if and only if 



lim {b - Xn) y^(A- + dj) = 0. 



(6.13) 



(a) Let X = ]R+. Then the Hamiltonian Hx,/3 (= ii*x 13) has discrete spectrum if and only if 

00 00 
lim Xn/ ci'^ = and lim x„ > {(3j + dj) = 0. (6.14) 



j=n 



j=n 



Proof. Consider the minimal symmetric operator associated with the Jacobi matrix (16. 6p . First 
note that it is unitarily equivalent to the Jacobi operator with positive offdiagonal entries, 








dr' 












d^' 


-{(3i + di)df d^'^'^d"^'^ 















df'd-"^ 













d^'^ 


-{P2 + C?2)C?2 ^ 


df'd;'^' '. 












df^%'^' 







\ 













(6.15) 



Further, consider the orthogonal decomposition 

12 = ^1® H2, Hi = span{e2„-i}nGN, ^2 = span{e2n}neN- 
Define the unitary operators 

Vj : Hj (j = 1, 2), Vi{e2n-i) = Gn and l^2(e2n) = e„, ne N. 

Then the operator -Bx,/3 := VB'j^ ^V"^ with V := Vi® V2 admits the representation 



(6.16) 



B 



X,f3 



D~'^' 



D 



-3/2 



X 



On, I + U 

I + U* -{Bp + Dx) 



D-^''^ 



D 



-3/2 



X 



where 



Bp = diag(/3„), Dx = diag{dn), 
and U is unilateral shift. Since B'^^ ^ is symmetric and dimkeri?^^ < 1, the inverse operator 
(i?x,/3)~^ is closed on 7i ker(i?^^) and is given by the following matrix 



(Bx^pY 



Df 



D 



3/2 

X 



iI + U*y\Bp + Dx){I + U)-' (I + U*)-' 
{I + U)~' 



Df 



D 



3/2 

X 
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Therefore, the operator {Bx,p) ^ is compact precisely when the spectra of operators 

Jp := D~^^'\l + U){Bp + Dxr\l + U*)D-^'\ (6.17) 
Jx ■■= DJ^^\l + U)D^^{I + U*)D^'^\ (6.18) 

are purely discrete. Without loss of generality we can assume that /3„ + (i„ > for all n G N. 
Indeed, in the opposite case we can choose satisfying the assumption of Proposition 16.111 and 
such that Pn + dn > 0, n E N, and {(/?„ — Pn)d~^}'^^i G cq. By Proposition \6.6U ii). B-^^ is 
a bounded perturbation of Bx^p and hence the operators Hx,/3 and H^^ have discrete spectrum 
simultaneously. 

As in Subsection 12. 2^ with Jx and Jg we associate the functions 

Mx{x) = ^ dn, yn-yn-l = dl, Mfsix) = ^ dn, Zn - Zn-l = Pn + dn, (6.19) 

y„-l<X Zn-l<X 

respectively. Here x > and yo = Zq = 0. 

We begin with the case of a finite interval X, i.e., assume that XlneN < oo. Then X^neN < 
oo and hence the string with the mass Aix is regular. Therefore, cr{Jx) is discrete (see [271 Section 
11.8]). Moreover, by Theorem 12.121 the operator Jg has discrete spectrum precisely when f l6.13p 
holds. 

Assume now that I = M+, i.e., XlneN*^" ~ Theorem 12. 121 cr(Jx) is discrete if and only 

if {c?^}^i G h and the first condition in fl6.14p holds. Further, cr(Jg) is discrete precisely when 
{Pn + dn}'^=i G h and the function also satisfies the second condition in (I2.12p . that is the 
second condition in (16.140 holds. 

Theorem 16.81 completes the proof. □ 

Corollary 6.12. Let X = M+. Then for any P the spectrum of the operator Hx,/? is not discrete 
if at least one of the following conditions is satisfied 

(0 ^ h, 

(ii) {dn}n=i e ^3 and 

00 

lim x„ V c/^ > 0. (6.20) 

n—*oo ' ^ 
j=n 

Proof. Let cr(Hx,/3) be discrete. Consider the operator Jx defined by f l6.18p . It easily follows from 
the proof of Proposition 16. Ill that o'(Jx) is discrete. However, by Theorem 12.121 Jx has discrete 
spectrum if and only if {dn}'^=i G I3 and the limit in (I6.20p equals 0. □ 

Let us illustrate the above results by the following example. 

Example 6.13. Let I = M+. Consider the Hamiltonian 

H^ = + '^'(^ - n'))6'{x - n^), < e < 1. 

n=l 

First note that, by Theorem \6.3\ (see also JB, Theorem 4-V)> operator H^ is self- adjoint for 
any P = {Pn}'^=i C M. Since Xn = rf , we get dn x n'^^^ and 'YTj=i^^j ^ n^^'"^ ■ Therefore, the 
following is true: 
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(0 U ^ ^ 1/2; then for any (3 the spectrum of Yip is not discrete. 

{ii) If e < 1/2 and either [3~ > —Cn^'^~^, n G N or /3~ < — Cn^~^, n G N, with some positive 
constant C > 0, then the spectrum of H/j is not discrete. 

(Hi) Assume e < 1/2 and (3n + dn = (3n + nf — {n — ly > 0, G N. Then the operator has 
discrete spectrum if and only if 

oo 

lim n^V(/5, +/-(j-l)^) = 0. 

n— >oo ' ' 
j=n 

6.5 Semiboundedness 

Combining Theorem 14.51 {Hi) with Proposition 16.11 we arrive at the following result. 

Theorem 6.14. The operator Hx,/3 with 6' -interactions on X is lower semibounded if and only if 
the Jacobi operator Bx,f3 of the form (16.31) is lower semibounded. 

Proposition 6.15. For the operator Hx,/3 to be lower semibounded it is necessary that 

^>-Cidn-^, and > - nGN, (6.21) 

Pn Oju Pn 0,n+l 

and it is sufficient that 

> -C2 min{rf„, nGN, (6.22) 

Pn 

with some positive constants Ci, C2 > independent ofn&N. 

Proof. By Theorem 16.141 Hx,/3 is lower semibounded if and only if the matrix ( 16. 3p is lower 
semibounded. First, consider the representation (16.81) . Let Vi and V2 be the unitary mappings 
defined by (16.161) and V := Vi (B V2. Then it is easy to check that 

where Dx '■= diag((i„). Bp = diag(/3n), I = and U is unilateral shift in I2. After straightforward 
calculations we obtain 

R T/R/ T/-1 _ I ^ ^X ^1^13 ^ J^X ^X ^'^13 ^X ^ ^X 

where f/+ is unilateral shift in 7i+. Therefore, inequalities 

Df + B-p^D^^ > -CJ, Df + D^^^'^UB-p^U*D'^^'^ > -CJ 

are necessary for the operator Bx./b to be lower semibounded. The latter is equivalent to (16.211) . 

To prove sufficiency we use the representation (16.41) of -Bx,/3- By (14. lip . Qx < and hence 
the operator -Bx,/3 is lower semibounded whenever the operator R^BpR^ is lower semibounded. 
The latter is equivalent to the validity of the following inequalities 
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with the constant C2 > independent of G N. Thus condition (16.221) is sufficient for lower 
semiboundedness. The proof is completed. □ 

Corollary 6.16. Let < < d* < 00 . Then the Hamiltonian Hx,/? is lower semihounded if and 
only if {-k-}'^^i is lower semihounded. 



7 Operators with (5- interact ions and semihounded poten- 
tials 

The results of Section [5] are stable under perturbations by L°° potentials q since deficiency indices, 
discreteness, and lower semiboundedness are stable under bounded perturbation. In particular, 
the results of Section [S] hold true for operators 

Hx,a,g = -^ + g(a;) + ^a„<5(x-x„), g e L°°(J). (7.1) 

n=l 

Moreover, it follows from [TSl Theorem 3.1] that self-adjointness is stable under perturbations by 
lower semihounded potentials if d^, > 0. 

The main aim of this section is to show that in the case d^, = the situation is substantially 
different. Namely, we will show that self-adjointness of the operators with (5-interactions is not 
stable under perturbations by positive potentials q if d^ = 0. 

Let I = M+, Xq = 0, Xn — Xn-i = dn ■= n e N. Set 

oo 

qa{x) := ^ n\^^_^^^^){x), a G M+. (7.2) 

n=l 



Consider the operator 

H,. = - 

dx^ 



^2 °° 
Hx,a,q, = + qa{x) + a„,5(x - Xn). (7.3) 

n=l 



The corresponding minimal symmetric operator Hmin has the form 

d^ 

Hniin = ©^=iH„, H„ := -— + a^n\ dom(H,) = l^o'^K-i, (7.4) 
In the following proposition we construct a boundary triplet for Hj^jj^. 
Proposition 7.1. For f G iy2^[x„„i, define the mappings F^"-* : W2[xn-i,x„\ — > C^, 

(,1/2 n, \ \ / d-r,f'{x„-i+)+{eif{x„^i+)~e2f{x„-)) \ 

dn f[Xn-l + ) \ p(n) r ._ / ^/^ \ .7 

-dl/^f{Xn-) y ^ d„f'{xn-)+{eif{x^n-i+)-e2f{xn~)) I'-^J 

where 

,1 , , cosh a , , a ,^ ^, 

dn = -, £1 = £1(0) := a , £2 = £^2(0) := . , . (7.6) 

n smh a smh a 

r/ien.- 
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(i) For any n G N the triplet n„ = {C^, Tq^^ F^"''*} is a boundary triplet for H* . 
(a) The direct sum U = (B'^^iHn is a boundary triplet for the operator H^jj^. 

Proof, (i) Straightforward. 

(a) Note that the triplet n„ = {C^, rQ"\ F^'^-'} defined by (14.51) forms a boundary triplet for 
the operator H* defined by (17.41) . The corresponding Weyl function M„(-) is 



MJz) 



sin zjri^ 



cos 



rfi — 



cos z/n"^ — a? 



z e C+. 



(7.7) 



It is easily seen that 11 := ©^j^II^ is not an ordinary boundary triplet for Hj^j^^. On the other 
hand, triplets n„ and n„ of the form (14.51) and (17.51) . respectively, are connected by 



i/r(n) 



J' 



(7i 



where 



Qn := M„(0) 



-nei{a) —ne2[a) 
-ne2(a) —nei(a) 



and 



Rr, 





?2-V2 



The corresponding Weyl functions M„(-) and M„(-) are connected by Mn{z) = -R„^(M„(z) — 
Qn)Rn^- Clearly, relations (17. 8p coincide with (I3.28p . Moreover, direct calculations show that 



(a - ei{a)){ei{a) - 1] 
£2(0) - ei(a)e2(a) 



e2[a) - ei{a)e2[a) 
(a - ei{a)){ei{a) - 1) 



M„(0) = 0, M;(0) = R-'M'^iO)R-' = a- 
Therefore, by Corollary 13.151 the direct sum 11 = ©J^]^n„ forms a boundary triplet for H^jj^. □ 



Arguing as in Subsection 15. ![ we obtain that the operator B.x,a,qa admits the representation 
Hx,a,,„ = He := H;iJdom(He), domHe := {/ G dom(H;iJ : {ro,ri} e 9}, 



where Tq = ©^j^Fq"^ and Fi = ©^^F^"'' are defined by (17.51) and the operator part Gop of the 
linear relation G G C(7Y) is unitary equivalent to the following Jacobi matrix 



.(n) 



Bx,a,qa = Rx{.Bx{a) + Aa)Rx) Bx{a) 



and Rx = diag(r„), r„ 
Thus we arrive at the following result. 



/ 3ei(a) 2^2(0) 

2^2(0) 5ei{a) 3e2{a) 

3e2{a) 7ei{a) Ae2{a) 

4^2(0) 9ei(a) 



v 



n 



n+1 



Aa = diag(a„). 



(7.9) 



Proposition 7.2. Let qa be defined by (17. 2p and let Bx,a,qa be the minimal symmetric operator 
associated with the Jacobi matrix (17.90 . Then the operator B.x,a,qa has equal deficiency indices and 
n±(B.x,a,qa) = ^±{Bx,a,qa) < 1 ■ In particular, Hx,«,g„ is self-adjoint if and only if so is Bx,a,qa- 
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Proof is straightforward and we omit it. 

Let us consider ei{a), a > 0. Since linia^o ^1(0) = 1 ^'^^ ~ a as a ^ +00, there exists 
flo > such that 

£i(ao) = 2. (7.10) 

Corollary 7.3. Let I = = l/n, and an = -^n - 2, n G N. 

{€) The Hamiltonian 

Hx,a,o = - ^{"^n + 2)6{x - 

n=l 

is self- adjoint. 

{a) Let qq be defined by f l7. 101) . Then the Hamiltonian 

n=l re=l 

zs symmetric with Yi±{}lx,a,qa) = 1- 

Proof, (i) follows from Example 15.121 (ii). 

(ii) Consider the matrix Bx,a,qa with a = uq. Clearly, an = —ei{ao)(2n + 1) and hence the 
diagonal entries oi Bx,a,qa equal zero. The offdiagonal entries bn = tt. -^I"'"^^ satisfies 6„ ~ e2{ao)n'^ /A 
and hence G /i. Moreover, < b"^ holds for all n G N. Therefore, Berezanskii's 

test P Theorem VII. 1.5] implies n±{Bx,a,qa) = 1- By Proposition I7.2[ n±{B.x,a,qa) = 1- D 
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